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CHAPTER 8

Quasi-interpolation methods

In Chapter 5 we considered a number of methods for computing spline approximations.
The starting point for the approximation methods is a data set that is usually discrete and
in the form of function values given at a set of abscissas. The methods in Chapter 5 roughly
fall into two categories: global methods and local methods. A global method is one where
any B-spline coefficient depends on all initial data points, whereas a local method is one
where a B-spline coefficient only depends on data points taken from the neighbourhood
of the support of the corresponding B-spline. Typical global methods are cubic spline
interpolation and least squares approximation, while cubic Hermite interpolation and the
Schoenberg variation diminishing spline approximation are popular local methods.

In this chapter we are going to describe a general recipe for developing local spline
approximation methods. This will enable us to produce an infinite number of approxima-
tion schemes that can be tailored to any special needs that we may have or that our given
data set dictates. In principle, the methods are local, but by allowing the area of influence
for a given B-spline coefficient to grow, our general recipe may even encompass the global
methods in Chapter 5.

The recipe we describe produces approximation methods known under the collective
term quasi-interpolation methods. Their advantage is their flexibility and their simplicity.
There is considerable freedom in the recipe to produce tailor-made approximation schemes
for initial data sets with special structure. Quasi-interpolants also allow us to establish
important properties of B-splines. In the next chapter we will employ them to study how
well a given function can be approximated by splines, and to show that B-splines form a
stable basis for splines.

8.1 A general recipe

A spline approximation method consists of two main steps: First the degree and knot vec-
tor are determined, and then the B-spline coefficients of the approximation are computed
from given data according to some formula. For some methods like spline interpolation and
least squares approximation, this formula corresponds to the solution of a linear system
of equations. In other cases, like cubic Hermite interpolation and Schoenberg’s Variation
Diminishing spline approximation, the formula for the coefficients is given directly in terms
of given values of the function to be interpolated.

161



162 CHAPTER 8. QUASI-IINTERPOLATION METHODS

8.1.1 The basic idea

The basic idea behind the construction of quasi-interpolants is very simple. We focus
on how to compute the B-spline coefficients of the approximation and assume that the
degree and knot vector are known. The procedure depends on two versions of the local
support property of B-splines that we know well from earlier chapters: (i) The B-spline
Bj; is nonzero only within the interval [t;,;4+1], and (ii) on the interval [t,,t, 1) there
are only d 4 1 B-splines in S; that are nonzero so a spline g in Sy can be written as
g9(x) =>1_, 4biBi(r) when x is restricted to this interval.

Suppose we are to compute an approximation g = ). ¢;B; in Sy ¢ to a given function
f. To compute c¢; we can select one knot interval I = [t,,t,4+1] which is a subinterval
of [tj,tj1at1]. We denote the restriction of f to this interval by f! and determine an
approximation g/ = Z?:u—d b;B; to fI. One of the coefficients of ¢/ will be b; and we
fix ¢; by setting ¢; = b;. The whole procedure is then repeated until all the ¢; have been
determined.

It is important to note the flexibility of this procedure. In choosing the interval I we
will in general have the d+1 choices u = 7, j, ..., j+d (fewer if there are multiple knots).
As we shall see below we do not necessarily have to restrict I to be one knot interval; all
that is required is that IN[t,,t,1q4+1] is nonempty. When approximating f! by g’ we have
a vast number of possibilities. We may use interpolation or least squares approximation,
or any other approximation method. Suppose we settle for interpolation, then we have
complete freedom in choosing the interpolation points within the interval I. In fact, there
is so much freedom that we can have no hope of exploring all the possibilities.

It turns out that some of this freedom is only apparent — to produce useful quasi-
interpolants we have to enforce certain conditions. With the general setup described
above, a useful restriction is that if f/ should happen to be a polynomial of degree d then
¢! should reproduce f!, i.e., in this case we should have ¢! = f!. This has the important
consequence that if f is a spline in S; ¢ then the approximation g will reproduce f exactly
(apart from rounding errors in the numerical computations). To see why this is the case,

suppose that f =", biB; is a spline in Sg¢. Then f! will be a polynomial that can be
o
i=p—d

we know that ¢/ = f/ so I g biBi = > d b;B;, and by the linear independence of

written as fI = b;B;. Since we have assumed that polynomials will be reproduced

the B-splines involved we conclude that b; = b; for i = w—d, ..., u. But then we see
that ¢; = b; = bj so g will agree with f. An approximation scheme with the property that
Pf = f for all f in a space S is to reproduce the space.

8.1.2 A more detailed description

Hopefully, the basic idea behind the construction of quasi-interpolants became clear above.
In this section we describe the construction in some more detail with the generalisa-
tions mentioned before. We first write down the general procedure for determining quasi-
interpolants and then comment on the different steps afterwards.

Algorithm 8.1 (Construction of quasi-interpolants). Let the spline space Sq4 of
dimension n and the real function f defined on the interval [tgi1,tn+1] be given, and
suppose that t is a d + 1-regular knot vector. To approximate f from the space Sgt
perform the following steps for j =1, 2, ..., n:
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1. Choose a subinterval I = [t,,t,] of [t441,tns1] with the property that I N0 (t;,tj1a41)
is nonempty, and let f! denote the restriction of f to this interval.

2. Choose a local approximation method P! and determine an approximation ¢' to f,

n
g'=Pfl = Z biBi, (8.1)

i=v—d
on the interval I.
3. Set coefficient j of the global approximation Pf to b;, i.e.,

Cj = bj.

The spline Pf = Z;‘:l c¢;jB; will then be an approximation to f.

The coefficient ¢; obviously depends on f and this dependence on f is often indicated
by using the notation A;f for ¢;. This will be our normal notation in the rest of the
chapter.

An important point to note is that the restriction Sg¢; of the spline space Sq¢ to
the interval I can be written as a linear combination of the B-splines {B;}!_ .. These
are exactly the B-splines whose support intersect the interior of the interval I, and by
construction, one of them must clearly be B;. This ensures that the coefficient b; that is
needed in step 3 is computed in step 2.

Algorithm 8.1 generalises the simplified procedure in Section 8.1.1 in that I is no
longer required to be a single knot interval in [t;,tj;q11]. This gives us considerably
more flexibility in the choice of local approximation methods. Note in particular that the
classical global methods are included as special cases since we may choose I = [tg41,tnt1]-

As we mentioned in Section 8.1.1, we do not get good approximation methods for free.
If Pf is going to be a decent approximation to f we must make sure that the local methods
used in step 2 reproduce polynomials or splines.

Lemma 8.2. Suppose that all the local methods used in step 2 of Algorithm 8.1 reproduce
all polynomials of some degree di < d. Then the global approximation method P will also
reproduce polynomials of degree dy. If all the local methods reproduce all the splines in
Sa,t,1 then P will reproduce the whole spline space Sy ¢.

Proof. The proof of both claims follow just as in the special case in Section 8.1.1, but let
us even so go through the proof of the second claim. We want to prove that if all the local
methods P! reproduce the local spline spaces Sa¢,r and f is a spline in Sy ¢, then Pf = f.
If fisin Sq¢ we clearly have f = >"" | b; B; for appropriate coefficients (l;i)?zl, and the

I

restriction of f to I can be represented as fI = D inu—d (A)ZBZ Since P! reproduces Satr1

we will have P fl = fI or
p p
> bBi= Y bBi
i=v—d i=v—d
The linear independence of the B-splines involved over the interval I then allows us to
conclude that b; = l;z for all indices ¢ involved in this sum. Since j is one the indices
we therefore have ¢; = b; = l;j. When this holds for all values of j we obviously have

Pf=f n
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The reader should note that if I is a single knot interval, the local spline space Sy ¢ 1
reduces to the space of polynomials of degree d. Therefore, when [ is a single knot interval,
local reproduction of polynomials of degree d leads to global reproduction of the whole
spline space.

Why does reproduction of splines or polynomials ensure that P will be a good ap-
proximation method? We will study this in some detail in Chapter 9, but as is often
the case the basic idea is simple: The functions we want to approximate are usually nice
and smooth, like the exponential functions or the trigonometric functions. An important
property of polynomials is that they approximate such smooth functions well, although if
the interval becomes wide we may need to use polynomials of high degree. A quantitative
manifestation of this phenomenon is that if we perform a Taylor expansion of a smooth
function, then the error term will be small, at least if the degree is high enough. If our
approximation method reproduces polynomials it will pick up the essential behaviour of
the Taylor polynomial, while the approximation error will pick up the essence of the error
in the Taylor expansion. The approximation method will therefore perform well when-
ever the error in the Taylor expansion is small. If we reproduce spline functions we can
essentially reproduce Taylor expansions on each knot interval as long as the function we
approximate has at least the same smoothness as the splines in the spline space we are
using. So instead of increasing the polynomial degree because we are approximating over a
wide interval, we can keep the spacing in the knot vector small and thereby keep the poly-
nomial degree of the spline low. Another way to view this is that by using splines we can
split our function into suitable pieces that each can be approximated well by polynomials
of relatively low degree, even though this is not possible for the complete function. By
constructing quasi-interpolants as outlined above we obtain approximation methods that
actually utilise this approximation power of polynomials on each subinterval. In this way
we can produce good approximations even to functions that are only piecewise smooth.

8.2 Some quasi-interpolants

It is high time to try out our new tool for constructing approximation methods. Let us
see how some simple methods can be obtained from Algorithm 8.1.

8.2.1 Piecewise linear interpolation

Perhaps the simplest, local approximation method is piecewise linear interpolation. We
assume that our n-dimensional spline space S; ¢ is given and that ¢ is a 2-regular knot
vector. For simplicity we also assume that all the interior knots are simple. The function
f is given on the interval [to,?,41]. To determine ¢; we choose the local interval to be
I = [tj,tj4+1]. In this case, we have no interior knots in I so S; ¢ is the two dimensional
space of linear polynomials. A basis for this space is given by the two linear B-splines
Bj_1 and Bj, restricted to the interval I. A natural candidate for our local approximation
method is interpolation at ¢; andt;jy1. On the interval I, the B-spline B;_; is a straight
line with value 1 at ¢; and value 0 at ¢;1, while B; is a straight line with value 0 at ¢;
and value 1 at ;1. The local interpolant can therefore be written

P{f(z) = f(t;)Bj-1(x) + f(tjs1) B;(x).
From Algorithm 8.1 we know that the coefficient multiplying B; is the one that should
multiply B; also in our global approximation, in other words ¢; = X\;f = f(tj4+1). The
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global approximation is therefore

n

Pyf(z) = f(tjs1)Bj().

i=1

Since a straight line is completely characterised by its value at two points, the local ap-
proximation will always give zero error and therefore reproduce all linear polynomials.
Then we know from Lemma 8.2 that P; will reproduce all splines Sy ¢.

This may seem like unnecessary formalism in this simple case where the conclusions
are almost obvious, but it illustrates how the construction works in a very transparent
situation.

8.2.2 A 3-point quadratic quasi-interpolant

In our repertoire of approximation methods, we only have one local, quadratic method,
Schoenberg’s variation diminishing spline. With the quasi-interpolant construction it is
easy to construct alternative, local methods. Our starting point is a quadratic spline space
St based on a 3-regular knot vector with distinct interior knots, and a function f to be
approximated by a scheme which we denote P». The support of the B-spline Bj is [t;, ;3]
and we choose our local interval as I = [tj41,tj42]. Since I is one knot interval, we need a
local approximation method that reproduces quadratic polynomials. One such method is
interpolation at three distinct points. We therefore choose three distinct points x;0, ;1
and x;2 in I. Some degree of symmetry is always a good guide so we choose

o i g
Lj0 = Lj+1, Lj1 = 9 )

Tj2 = tjt2.
To determine P{f we have to solve the linear system of three equations in the three
unknowns b;_1, b; and bj;1 given by

j+1
Py f(wjn) = Y biBi(zjg) = flzjp), fork=0,1,2

i=j—1

With the aid of a tool like Mathematica we can solve these equations symbolically. The

result is that

bj = %<_f(tj+1) +4f(tjra2) — fltj2),

where 2,3/ = (tj+1 +tj12)/2. The expressions for b;_; and bj;;1 are much more com-
plicated and involve the knots t; and ¢;,3 as well. The simplicity of the expression for b;
stems from the fact that x;; was chosen as the midpoint between ¢; 1 and t;2.

The expression for b; is valid whenever ¢;41 < tj;2 which is not the case for j =1 and
j =mnsince t; = tg = t3 and tp11 = thao = the3. But from Lemma 2.12 we know that any
spline g in S3¢ will interpolate its first and last B-spline coefficient at these points so we
simply set ¢; = f(t1) and ¢, = f(tnt1)-

Having constructed the local interpolants, we have all the ingredients necessary to
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construct the quasi-interpolant P f = Z;‘:l AjfBj, namely
f(t), when j = 1;
1
A= 5 (= f(@jo) +4f(zj1) — flzz2), when1<j<m
f(tnt1), when j = n.

Since the local approximation reproduced the local spline space (the space of quadratic
polynomials in this case), the complete quasi-interpolant will reproduce the whole spline
space Sg t.

8.2.3 A 5-point cubic quasi-interpolant

The most commonly used splines are cubic, so let us construct a cubic quasi-interpolant.
We assume that the knot vector is 4-regular and that the interior knots are all distinct. As
usual we focus on the coefficient ¢; = A;f. It turns out that the choice I = [tj;1,t;43] is
convenient. The local spline space S3 ¢ ; has dimension 5 and is spanned by the (restriction
of the) B-splines {Bz}fij{2 We want the quasi-interpolant to reproduce the whole spline
space and therefore need P! to reproduce S3.¢,1- We want to use interpolation as our local
approximation method, and we know from Chapter 5 that spline interpolation reproduces
the spline space as long as it has a unique solution. The solution is unique if the coefficient
matrix of the resulting linear system is nonsingular, and from Theorem 5.18 we know that
a B-spline coefficient matrix is nonsingular if and only if its diagonal is positive. Since the
dimension of S3¢; is 5 we need 5 interpolation points. We use the three knots t;11, tj42
and t;43 and one point from each of the knot intervals in I,

zjo0=1tit1, xj1 € (Liy1,tj42), xj2 =1tjt2, xj3 € (tj12,tj43), xj4 = tj43.
Our local interpolation problem is
J+2

Z biBi(iL‘jyk) = f($j7k), for k = 0, 1, ceey 4.
1=75—2

In matrix-vector form this becomes

Bj_2(zj0) Bj-1(zj0) 0 0 0 bj—2 f(@j50)
Bj_a(zj1) Bj-1(wj1) Bj(wj1) Bj(win) 0 bj-1 JACTRY)
Bj_o(zj2) Bj-1(zj2) Bj(zj2) Bj(zj2) Bj(w)2) by | = f(zj2)
0 Bj_1(zj3) Bj(zjs) Bjxjs) Bj(wjs) | | bjn f(xj3)
0 0 0 Bj(zja) Bj(zja)) \bjt2 f(@ja)

when we insert the matrix entries that are zero. Because of the way we have chosen the
interpolation points we see that all the entries on the diagonal of the coefficient matrix
will be positive so the matrix is nonsingular. The local problem therefore has a unique
solution and will reproduce S3 ¢ ;. The expression for A;f is in general rather complicated,
but in the special case where the width of the two knot intervals is equal and x;2 and x4
are chosen as the midpoints of the two intervals we end up with

Nf= é(f(t]drl) — 8 (tj132) +20f (tj2) — 8f(tjrs/2) + f(tj+3))
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where t;,3/5 = (tj+1 +tj42)/2 and tj 5/ = (tj+2 + tj43)/2. Unfortunately, this formula
is not valid when j = 1, 2, n — 1 or n since then one or both of the knot intervals in [
collapse to one point. However, our procedure is sufficiently general to derive alternative
formulas for computing the first two coefficients. The first value of j for which the general
procedure works is j = 3. In this case I = [t4,tg] and our interpolation problem involves
the B-splines {B;}?_,. This means that when we solve the local interpolation problem
we obtain B-spline coefficients multiplying all of these B-splines, including B; and Bs.
There is nothing stopping us from using the same interval I for computation of several
coefficients, so in addition to obtaining Asf from this local interpolant, we also use it as
our source for the first two coefficients. In the special case when the interior knots are
uniformly distributed and w31 = tg/o and @33 = 117, we find

)\1f = f(t4)v
Alf:i%(—aﬂm)+40ﬂ@p)—36ﬂ%)+18f@np)—f@@)

In general, the second coeflicient will be much more complicated, but the first one will not
change.

This same procedure can obviously be used to determine values for the last two coef-
ficients, and under the same conditions of uniformly distributed knots and interpolation
points we find

An—1f = %(_f(tn—l) + 18f(tn—1/2) - 36f(tn) + 40f(tn+1/2) - 5f<tn+1))7
Anf = ftnt1)-

8.2.4 Some remarks on the constructions

In all our constructions, we have derived specific formulas for the B-spline coefficients
of the quasi-interpolants in terms of the function f to be approximated, which makes it
natural to use the notation ¢; = \;f. To do this, we had to solve the local linear system
of equations symbolically. When the systems are small this can be done quite easily with
a computer algebra system like Maple or Mathematica, but the solutions quickly become
complicated and useless unless the knots and interpolation points are nicely structured,
preferably with uniform spacing. The advantage of solving the equations symbolically is of
course that we obtain explicit formulas for the coefficients once and for all and can avoid
solving equations when we approximate a particular function.

For general knots, the local systems of equations usually have to be solved numeri-
cally, but quasi-interpolants can nevertheless prove very useful. One situation is real-time
processing of data. Suppose we are in a situation where data are measured and need to
be fitted with a spline in real time. With a global approximation method we would have
to recompute the whole spline each time we receive new data. This would be acceptable
at the beginning, but as the data set grows, we would not be able to compute the new
approximation quickly enough. We could split the approximation into smaller pieces at
regular intervals, but quasi-interpolants seem to be a perfect tool for this kind of appli-
cation. In a real-time application the data will often be measured at fixed time intervals,
and as we have seen it is then easy to construct quasi-interpolants with explicit formulas
for the coefficients. Even if this is not practicable because the explicit expressions are not
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available or become too complicated, we just have to solve a simple, linear set of equations
to determine each new coefficient. The important fact is that the size of the system is
constant so that we can handle almost arbitrarily large data sets, the only limitation being
available storage space.

Another important feature of quasi-interpolants is their flexibility. In our constructions
we have assumed that the function we approximate can be evaluated at any point that
we need. This may sometimes be the case, but often the function is only partially known
by a few discrete, measured values at specific abscissas. The procedure for constructing
quasi-interpolants has so much inherent freedom that it can be adapted in a number of
ways to virtually any specific situation, whether the whole data set is available a priori or
the approximation has to be produced in real-time as the data is generated.

8.3 Quasi-interpolants are linear operators

Now that we have seen some examples of quasi-interpolants, let us examine them from a
more general point of view. The basic ingredient of quasi-interpolants is the computation
of each B-spline coefficient, and we have have used the notation ¢; = A\;f = X;(f) to
indicate that each coefficient depends on f. It is useful to think of A; as a ’function’ that
takes an ordinary function as input and gives a real number as output; such ’functions’
are usually called functionals. If we go back and look at our examples, we notice that in
each case the dependency of our coefficient functionals on f is quite simple: The function
values occur explicitly in the coefficient expressions and are not multiplied or operated
on in any way other than being added together and multiplied by real numbers. This is
familiar from linear algebra.

Definition 8.3. In the construction of quasi-interpolants, each B-spline coefficient is com-
puted by evaluating a linear functional. A linear functional X\ is a mapping from a suitable
space of functions S into the real numbers R with the property that if f and g are two
arbitrary functions in S and o and (3 are two real numbers then

Maf + Bg) = aAf + BAg.

Linearity is a necessary property of a functional that is being used to compute B-spline
coefficients in the construction of quasi-interpolants. If one of the coefficient functionals are
not linear, then the resulting approximation method is not a quasi-interpolant. Linearity
of the coefficient functionals leads to linearity of the approximation scheme.

Lemma 8.4. Any quasi-interpolant P is a linear operator, i.e., for any two admissible
functions f and g and any real numbers a and (3,

P(af + Bg) = aPf + BPg.

Proof. Suppose that the linear coefficient functionals are ()‘j)?zl- Then we have

P(af +Pg) =Y _Ni(af +B9)Bi=aY XifBi+BY _ N\igBi=aPf+3Pg

i=1 =1 i=1

which demonstrates the linearity of P. 1
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This lemma is simple, but very important since there are so many powerful mathemat-
ical tools available to analyse linear operators. In Chapter 9 we are going to see how well
a given function can be approximated by splines. We will do this by applying basic tools
in the analysis of linear operators to some specific quasi-interpolants.

8.4 Different kinds of linear functionals and their uses

In our examples of quasi-interpolants in Section 8.2 the coefficient functionals were all
linear combinations of function values, but there are other functionals that can be useful.
In this section we will consider some of these and how they turn up in approximation
problems.

8.4.1 Point functionals

Let us start by recording the form of the functionals that we have already encountered.
The coefficient functionals in Section 8.2 were all in the form

J4
A= wif(x) (8.2)
=0

for suitable numbers (w;)_, and (z;){_,. Functionals of this kind can be used if a procedure
is available to compute values of the function f or if measured values of f at specific points
are known. Most of our quasi-interpolants will be of this kind.

Point functionals of this type occur naturally in at least two situations. The first is
when the local approximation method is interpolation, as in our examples above. The
second is when the local approximation method is discrete least squares approximation.
As a simple example, suppose our spline space is Sp¢ and that in determining c¢; we
consider the single knot interval I = [t;j41,tj42]. Suppose also that we have 10 function
values at the points (ﬂfj,k)z:o in this interval. Since the dimension of Sy ; is 3, we cannot
interpolate all 10 points. The solution is to perform a local least squares approximation
and determine the local approximation by minimising the sum of the squares of the errors,

9

. 2
min (9(zjn) — flajr)”-
gE€Sa ¢ 1 =0

The result is that ¢; will be a linear combination of the 10 function values,

9
G =Nf=> winflxir).

k=0

8.4.2 Derivative functionals

In addition to function values, we can also compute derivatives of a function at a point.
Since differentiation is a linear operator it is easy to check that a functional like \f = " ()
is linear. The most general form of a derivative functional based at a point that we will
consider is

M= wp fH) ()

k=0
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where x is a suitable point in the domain of f. We will construct a quasi-interpolant based
on this kind of coefficient functionals in Section 8.6.1. By combining derivative functionals
based at different points we obtain

 r;
A= wipf® ()

1=0 k=0

where each r; is a nonnegative integer. A typical functional of this kind is the divided
difference of a function when some of the arguments are repeated. Such functionals are
fundamental in interpolation with polynomials. Recall that if the same argument occurs
r 4+ 1 times in a divided difference, this signifies that all derivatives of order 0, 1, ..., r
are to be interpolated at the point. Note that the point functionals above are derivative
functionals with r; = 0 for all 7.

8.4.3 Integral functionals

The final kind of linear functionals that we will consider are based on integration. A
typical functional of this kind is

b
A = / F(2)6(x) da (8.3)

where ¢ is some fixed function. Because of basic properties of integration, it is easy to
check that this is a linear functional. Just as with point functionals, we can combine
several functionals like the one in (8.3) together,

b b b
)\f:wo/ f(x)po(x) dx—l—wl/ f(z)p1(x) da:—f—---—l—wg/ f(z)pe(x) dz,

where (w;)¢_, are real numbers and {¢;}{_, are suitable functions. Note that the right-
hand side of this equation can be written in the form (8.3) if we define ¢ by

¢(x) = wogo(w) +wig1(z) + - - + wepy(x).

Point functionals can be considered a special case of integral functionals. For if ¢, is a
function that is positive on the interval I, = (z; — €, x; + €) and fle ¢ = 1, then we know
from the mean value theorem that

f f(@)pc(x) dx = f(E)

for some ¢ in I, as long as f is a nicely behaved (for example continuous) function. If we
let € tend to 0 we clearly have

e—0

lim /l F@)ow)de = 50, (8.4)

so by letting ¢ in (8.3) be a nonnegative function with small support around x and unit
integral we can come as close to point interpolation as we wish.

If we include the condition that ffqbd:z: = 1, then the natural interpretation of (8.3)
is that \f gives a weighted average of the function f, with ¢(x) giving the weight of the
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function value f(x). A special case of this is when ¢ is the constant ¢(z) = 1/(b—a); then
Af is the traditional average of f. From this point of view the limit (8.4) is quite obvious:
if we take the average of f over ever smaller intervals around z;, the limit must be f(x;).

The functional ff f(x) dx is often referred to as the first moment of f. As the name
suggests there are more moments. The ¢ + 1st moment of f is given by

/a ’ f(z)z! de.

Moments of a function occur in many applications of mathematics like physics and the
theory of probability.

8.4.4 Preservation of moments and interpolation of linear functionals

Interpolation of function values is a popular approximation method, and we have used it
repeatedly in this book. However, is it a good way to approximate a given function f7
Is it not a bit haphazard to pick out a few, rather arbitrary, points on the graph of f
and insist that our approximation should reproduce these points exactly and then ignore
all other information about f7? As an example of what can happen, suppose that we are
given a set of function values (:L'Z', f (:L'Z))Zil and that we use piecewise linear interpolation
to approximate the underlying function. If f has been sampled densely and we interpolate
all the values, we would expect the approximation to be good, but consider what happens
if we interpolate only two of the values. In this case we cannot expect the resulting
straight line to be a good approximation. If we are only allowed to reproduce two pieces
of information about f we would generally do much better by reproducing its first two
moments, i.e., the two integrals [ f(z)dz and [ f(x)z dz, since this would ensure that the
approximation would reproduce some of the average behaviour of f.

Reproduction of moments is quite easy to accomplish. If our approximation is g, we
just have to ensure that the conditions

b . b .
/g(a:)x’dm:/f(x)xldw, i=0,1,...,n—1

are enforced if we want to reproduce n moments. In fact, this can be viewed as a gener-
alisation of interpolation if we view interpolation to be preservation of the values of a set
of linear functionals (p;)};,

pig=pif, fori=1,2 ... n. (8.5)
When p; f = ff f(x)xi~tdx fori =1, ..., n we preserve moments, while if p; f = f(x;) for
i=1, ..., n we preserve function values. Suppose for example that g is required to lie in

the linear space spanned by the basis {¢;}7_;. Then we can determine coefficients (c;)7_,
so that g(z) = > 7 cj9;(x) satisfies the interpolation conditions (8.5) by inserting this
expression for g into (8.5). By exploiting the linearity of the functionals, we end up with
the n linear equations

c1pi(V1) 4+ c2pi(2) + - + cnpi(WYn) = pi(f), i=1,...,n
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in the n unknown coefficients (¢;)7 ;. In matrix-vector form this becomes

p1(v1) pi(b2) - p1(n) c1 p1(f)

,02(%1) p2(:¢2) Pl(?ﬂn) 2| _ pif) . (8.6)

Pn(%) Pn(@) Pn(%) C‘n Pn(f)

A fundamental property of interpolation by point functionals is that the only polynomial
of degree d that interpolates the value 0 at d + 1 points is the zero polynomial. This
corresponds to the fact that when p; f = f(x;) and ¥;(z) = x* for i = 0, ..., d, the matrix
in (8.6) is nonsingular. Similarly, it turns out that the only polynomial of degree d whose
d 4+ 1 first moments vanish is the zero polynomial, which corresponds to the fact that the
matrix in (8.6) is nonsingular when p; f = f; f(z)z'dr and o;(z) = 2% for i =0, ..., d.

If the equations (8.6) can be solved, each coefficient will be a linear combination of the
entries on the right-hand side,

ci = Nif =wjip1(f) +wjepa(f) + -+ wjnpn(f)

We recognise this as (8.2) when the p; correspond to point functionals, whereas we have
b b b
c;=Nf=wj1 / f(z)dx + 'UJij/ f@)zdr+---+ wj,n/ f(x)z" tdx
a a a

b
— / f(x) (wj71 + Wj o2& + -4 wjmxnfl) dx
a

when the p; correspond to preservation of moments.

8.4.5 Least squares approximation

In the discussion of point functionals, we mentioned that least squares approximation leads
to coefficients that are linear combinations of point functionals when the error is measured
by summing up the squares of the errors at a given set of data points. This is naturally
termed discrete least squares approximation. In continuous least squares approximation
we minimise the integral of the square of the error. If the function to be approximated is
f and the approximation g is required to lie in a linear space S, we solve the minimisation
problem

b
min/ (f(2) —g(a:))Qd:c.

geS
If S is spanned by ()", we can write g as g = > ; ¢;¢) and the minimisation problem
becomes
b n 2
min flx) — c(x ) dx.
i [ (1@ > i)

To determine the minimum we differentiate with respect to each coefficient and set the
derivatives to zero which leads to the so-called normal equations

n b b
ch-/ wi(x)wj(a:)dx:/ (@) f (@) da, forj=1,....n.
=1 v e
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If we use the notation above and introduce the linear functionals p;f = fab Yi(x) f(z)
represented by the basis functions, we recognise this linear system as an instance of (8.6).
In other words, least squares approximation is nothing but interpolation of the linear
functionals represented by the basis functions. In particular, preservation of moments
corresponds to least squares approximation by polynomials.

8.4.6 Computation of integral functionals

In our discussions involving integral functionals we have tacitly assumed that the values
of integrals like ff f(z)yY(x) dx are readily available. This is certainly true if both f and v
are polynomials, and it turns out that it is also true if both f and v are splines. However,
if f is some general function, then the integral cannot usually be determined exactly, even
when ; is a polynomial. In such situations we have to resort to numerical integration
methods. Numerical integration amounts to computing an approximation to an integral
by evaluating the function to be integrated at certain points, multiplying the function
values by suitable weights, and then adding up to obtain the approximate value of the
integral,

b
/ f(x)dx = wof(xo) +wif(xr) + - -+ wef(ze).

In other words, when it comes to practical implementation of integral functionals we have
to resort to point functionals. In spite of this, integral functionals and continuous least
squares approximation are such important concepts that it is well worth while to have an
exact mathematical description. And it is important to remember that we do have exact
formulas for the integrals of polynomials and splines.

8.5 Alternative ways to construct coefficient functionals

In Section 8.2 we constructed three quasi-interpolants by following the general procedure
in Section 8.1. In this section we will deduce two alternative ways to construct quasi-
interpolants.

8.5.1 Computation via evaluation of linear functionals

Let us use the 3-point, quadratic quasi-interpolant in subsection 8.2.2 as an example. In

this case we used I = [tj11,tj42] as the local interval for determining ¢; = A;f. This
meant that the local spline space Sy ¢ become the space of quadratic polynomials on I
j+1

which has dimension three. This space is spanned by the three B-splines {B;} and

interpolation at the three points

i=j—1

tiv1 + 142
tit1, i3 = o tj+2

allowed us to determine a local interpolant ¢/ = Zzijl_1 b; B; whose middle coefficient b;
we used as \; f.

An alternative way to do this is as follows. Since g’ is constructed by interpolation at
the three points t;41, t;13/2 and tj12, we know that A;f can be written in the form

AN f = wif(tjrr) +waf(tjss/2) +wsf(tji2). (8.7)
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We want to reproduce the local spline space which in this case is just the space of quadratic
polynomials. This means that (8.7) should be valid for all quadratic polynomials. Repro-
duction of quadratic polynomials can be accomplished by demanding that (8.7) should be
exact when f is replaced by the three elements of a basis for Sg ¢ 7. The natural basis to
J+1

use in our situation is the B-spline basis {Bi}i:j—l' Inserting this, we obtain the system

AjBj1 = w1Bj1(tj+1) + w2Bj1(tj13/2) + wsBj-1(tjv2),

AjBj = ’wlBj(tj-H) + TUQBj(tj+3/2) + w3Bj(tj+2)7

AjBjy1 = wiBj1(tjr1) + w2 Bja(tjps/2) + w3Bjia(tjt2)-

in the three unknowns wi, we and ws. The left-hand sides of these equations are easy to
determine. Since A;f denotes the jth B-spline coefficient, it is clear that \;B; = ¢; ;, i.e.,
it is 1 when ¢ = 5 and 0 otherwise.

To determine the right-hand sides we have to compute the values of the B-splines. For
this it is useful to note that the w;’s in equation (8.7) cannot involve any of the knots
other than ¢;,1 and t;;2 since a general polynomial knows nothing about these knots.
This means that we can choose the other knots so as to make life simple for ourselves.
The easiest option is to choose the first three knots equal to ¢;;1 and the last three equal
to tj12. But then we are in the Bezier setting, and we know that the B-splines in this
case will have the same values if we choose t;;1 = 0 and ¢;,2 = 1. The knots are then
(0,0,0,1,1,1) which means that t;,3/5 = 1/2. If we denote the B-splines on these knots
by {B;}3_,, we can replace B; in (8.5.1) by Bi,jﬁ for i = 1, 2, 3. We can now simplify
(8.5.1) to

0 = w1 B1(0) +wsB1(1/2) + w3 By (1),
1= ’LUlBQ(O) + w232(1/2) + UJ3B2(1),

0= ’w1B3(0) + ’LUQB3(1/2) + wgég(l).

If we insert the values of the B-splines we end up with the system

w1 + w2/4 =0,
wo/2 =1,
w2/4 + w3 =0,
which has the solution w; = —1/2, wy = 2 and w3z = —1/2. In conclusion we have

—f(tj11) +4f (tj43/2) — f(tj42)
2 M

Nf =

as we found in Section 8.2.2.
This approach to determining the linear functional works quite generally and is often
the easiest way to compute the weights (w;).

8.5.2 Computation via explicit representation of the local approximation

There is a third way to determine the expression for A; f. For this we write down an explicit
expression for the approximation g’. Using the 3-point quadratic quasi-interpolant as our
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example again, we introduce the abbreviations a = ¢;41, b =1t;,3/2 and ¢ = tj12. We can
write the local interpolant ¢’ as

(x —b)(x —¢)
(a—"0b)(a—rc)

as it is easily verified that g/ then satisfies the three interpolation conditions g’ (a) = f(a),
g’ (b) = f(b) and g’(c) = f(c). What remains is to write this in terms of the B-spline
basis {Bi}]-ijlfl and pick out coefficient number j. Recall that we have the notation ~;(f)
for the jth B-spline coefficient of a spline f. Coefficient number j on the left-hand side is
Ajf. On the right, we find the B-spline coefficients of each of the three polynomials and
add up. The numerator of the first polynomial is (z — b)(z — ¢) = 22 — (b + ¢)z + be. To
find the jth B-spline of this polynomial, we make use of Corollary 3.5 which tells that,
when d = 2, we have v;(22) = t;11tj42 = ac and v;(x) = (tj41 + tj42)/2 = (a +¢)/2 = b,
respectively. The jth B-spline coefficient of the first polynomial is therefore

(x —a)(x—c)

I(p) —
7 (@) (b—a)b—c)

fa) +

(ac—(b+c)b+bey ac — b?
% (a—b)a—0) )_(a—b)(a—c) (88)

which simplifies to —1/2 since b = (a + ¢)/2. Similarly, we find that the jth B-spline
coefficient of the second and third polynomials are 2 and —1/2, respectively. The complete
jth B-spline coefficient of the right-hand side of (8.8) is therefore —f(a)/2+2f(b)— f(c)/2.
In total, we have therefore obtained

f(tj41)

Nf=7(g") = - T 2f(tj1a2) —

f(tj+2)
2 )
as required.

This general procedure also works generally, and we will see another example of it in
Section 8.6.1.

8.6 Two quasi-interpolants based on point functionals

In this section we consider two particular quasi-interpolants that can be constructed for
any polynomial degree. They may be useful for practical approximation problems, but
we are going to use them to prove special properties of spline functions in Chapters 9
and 10. Both quasi-interpolants are based on point functionals: In the first case all the
points are identical which leads to derivative functionals, in the second case all the points
are distinct.

8.6.1 A quasi-interpolant based on the Taylor polynomial

A very simple local, polynomial approximation is the Taylor polynomial. This leads to a
quasi-interpolant based on derivative functionals. Even though we use splines of degree d,
our local approximation can be of lower degree; in Theorem 8.5 this degree is given by 7.
Theorem 8.5 (de Boor-Fix). Let r be an integer with 0 < r < d and let x; be a number
in [tj,tjydqs1] for j =1, ..., n. Consider the quasi-interpolant

Qurf =S N(NBjar where N(f) = 3 S (-1FD gy aa) DA flay), (89)
j=1 " k=0
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and p;ja(y) = (Y —tj+1) - (y — tj+a). Then Qq, reproduces all polynomials of degree r
and Qg4 reproduces all splines in Sq ¢.

Proof. To construct )4, we let I be the knot interval that contains z; and let the local
approximation g/ = P! f be the Taylor polynomial of degree r at the point zj,

T

X — T k
§() = P ) = 3 W= prp

k!
k=0

To construct the linear functional A;f, we have to find the B-spline coefficients of this
polynomial. We use the same approach as in Section 8.5.2. For this Marsden’s identity,

(y—2)" =" pja(y)Bja(),
j=1

will be useful. Setting y = z;, we see that the jth B-spline coefficient of (z; — z)? is
pjd(x;). Differentiating Marsden’s identity d — k times with respect to y, setting y = x;
and rearranging, we obtain the jth B-spline coefficient of (x — x;)*/k! as

75 ((z — :vj)k/k‘!) = (=)D p, 4(x;)/d! fork=0,...,r.

Summing up, we find that

T

Since the Taylor polynomial of degree r reproduces polynomials of degree r, we know
that the quasi-interpolant will do the same. If » = d, we reproduce polynomials of degree
d which agree with the local spline space Sy since I is a single knot interval. The
quasi-interpolant therefore reproduces the whole spline space Sg ¢ in this case. =

Example 8.6. We find

L S e

D a(y)/d' =1, D pia(y)/d =y — t;, where ¢t = 7 (8.10)
For r = 1 and z; = t; we therefore obtain
Qarf =Y f(t])Bja
Jj=1
which is the Variation Diminishing spline approximation. For d = r = 2 we obtain
. 1
Qo2f = [f(xs) = (w5 — tjya/2) Df () + 5 (@i = tir1) (s — tj+2)D? f(2;)] Bya. (8.11)
j=1

while for d = r = 3 and x; = t;4+2 we obtain
< 1 1
Qsaf = [ftj42)+ g (ti4s =22+ t41) Df (ti2) = £ (s —ti+2) (42 —tj+1) D f(tj42)] Bjs. (8.12)
j=1

We leave the detailed derivation as a problem for the reader.
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Since Qqqf = f for all f € Sy it follows that the coefficients of a spline f =
> j—1¢jBja can be written in the form

d
1 _ .
¢ = d!g (1D Fp; (z)DF f(xy),  forj=1,....n, (8.13)
=0

where z; is any number in [t;,¢1q41]-

8.6.2 Quasi-interpolants based on evaluation

Another natural class of linear functionals is the one where each \; used to define @ is
constructed by evaluating the data at r 4+ 1 distinct points

tj <ajo <xj1 <o < Tjr Stipdp (8.14)
located in the support [t;,t;+441] of the B-spline B, 4 for j =1, ..., n. We consider the
quasi-interpolant

n
Parf = A (f)Bja, (8.15)
j=1
where .
N (F) = Y winf (). (8.16)
k=0

From the preceding theory we know how to choose the constants w;j so that Py, f = f
for all f € m,.

Theorem 8.7. Let Sy be a spline space with a d + 1-regular knot vector t = (t;)
Let (xj1);_o be £ + 1 distinct points in [tj,t;1q441] for j =1, ..., n, and let w;, be the
jth B-spline coefficient of the polynomial

T
r —X;

r=0 $]’k - xj,?"
r#k

n+d+1
=1 :

Then Py,f = f for all f € m,, and if r = d and all the numbers (x;})}_, lie in one
subinterval
tj <t Swjo <xjn <o < Tjr St Stjpan (8.17)

then Pyqf = f for all f € Sgg.
Proof. It is not hard to see that
Pik(Tji) = Oks, k,i=0,...,7
so that the polynomial :
Pj, f(z) = ij,k(ﬂﬁ)f(wj,k)
k=0

satisfies the interpolation conditions P! f(z;,) = f(x;,) for all j and r. The result
therefore follows from the general recipe. 1
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In order to give examples of quasi-interpolants based on evaluation we need to know
the B-spline coefficients of the polynomials p; ;. We will return to this in more detail in
Chapter 9, see (9.14) in the case r = d. A similar formula can be given for r < d.
Example 8.8. For r = 1 we have

Tj1—T

Pio(@) = Tj1 — 0 Pi(@) = ZTj1 — Tj0
7 7> J» J»

T — Tj,0

and (8.15) takes the form
Paaf = z”: { S t;*f(xj,t)) + 5= @i0 f(zj.1)| Bja- (8.18)
’ o LT — T Tj1 = Tj0 ’

This quasi-interpolant reproduces straight lines for any choice of t; < xj0 < 5,1 < tj+q+1. If we choose
xj,0 = t; the method simplifies to

Parf =Y f(t;)Bja. (8.19)

This is again the Variation diminishing method of Schoenberg.

Exercises for Chapter 8

8.1 In this exercise we assume that the points (z;) and the spline space Sy are as in
Theorem 8.7.

a) Show that for r =d =2

n tir — T tiro — tito — torq — T
Posf = Z [( j+1 %,1)( j+2 x3,2) + ( j+2 x],l)( j+1 x],2)f(xj70)

= 2(xj0 — xj1) (250 — 752)

(tj41 — j0)(Live — j2) + (tjv2 — 250)(Lj+1 — T52) i)
2(xj1 — wj0) (i1 — j2) 7
(tj1 = 20) (g2 — @j1) + (2 — 2j0) (G —251) o V]
, ‘ ‘ A f(xﬂ) 7,2
2(wj2 — xj0)(Tj2 — 7j1)

+

+
(8.20)

b) Show that (8.20) reduces to the operator (9.4) for a suitable choice of (x;4)7_-

8.2 Derive the following operators (Q4; and show that they are exact for m, for the
indicated r. Again we the points (z; ) and the spline space Sy ¢ are is in Theorem 8.7.
Which of the operators reproduce the whole spline space?

a) Qaof =31 [(xj)Bja, (r=0).

b) Qa1f =35 [f(x;) + (t; —2j)Df(x)] Bja, (r=1).
¢) Qarf =5 f(t})Bja, (r=1).
)

(oW

Q22f = Z [f(x)) = (x5 — tjs/2) D f(25)
=

+ %(xj — tj1)(w) — tir2) D f(25)] Bja, (1=2).
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e) Qa2f = Y71 [f(tjyae) — 3(tjre —tj41)*D* f(tj13)] Bjo,  (r=2).
f)

Q33f = Z [f(tjs2) + %(thrS = 2tjr2 +tj1)Df(tj42)
=1

1
= 5t — tiv2) (G2 — tiv1)D?f(tj42)] Bja,  (r=3).



180 CHAPTER 8. QUASI-IINTERPOLATION METHODS



CHAPTER 9

Approximation theory and stability

Polynomials of degree d have d+1 degrees of freedom, namely the d+1 coefficients relative
to some polynomial basis. It turns out that each of these degrees of freedom can be utilised
to gain approximation power so that the possible rate of approximation by polynomials of
degree d is h%*t!, see Section 9.1. The meaning of this is that when a smooth function is
approximated by a polynomial of degree d on an interval of length h, the error is bounded
by Chét!, where C is a constant that is independent of h. The exponent d + 1 therefore
controls how fast the error tends to zero with h.

When several polynomials are linked smoothly together to form a spline, each polyno-
mial piece has d+ 1 coefficients, but some of these are tied up in satisfying the smoothness
conditions. It therefore comes as a nice surprise that the approximation power of splines of
degree d is the same as for polynomials, namely h%T!, where h is now the largest distance
between two adjacent knots. In passing from polynomials to splines we have therefore
gained flexibility without sacrificing approximation power. We prove this in Section 9.2,
by making use of some of the simple quasi-interpolants that we constructed in Chapter §;
it turns out that these produce spline approximations with the required accuracy.

The quasi-interpolants also allow us to establish two important properties of B-splines.
The first is that B-splines form a stable basis for splines, see Section 9.3. This means
that small perturbations of the B-spline coefficients can only lead to small perturbations
in the spline, which is of fundamental importance for numerical computations. We have
already seen that an important consequence of the stability of the B-spline basis is that
the control polygon of a spline converges to the spline as the knot spacing tends to zero;
this was proved in Section 4.1.

9.1 The distance to polynomials

We start by determining how well a given a real valued function f defined on an interval
[a,b] can be approximated by a polynomial of degree d. To measure the error in the
approximation we will use the uniform norm which for a bounded function g defined on
an interval [a, b] is defined by

glloojap) = sup |g(z)|.
a<z<b

181
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Whenever we have an approximation p to f we can then measure the error by ||f —
P||so,ap- There are many possible approximations to f by polynomials of degree d, and
the approximation that makes the error as small as possible is of course of special interest.
This error is referred to as the distance from f to the space my of polynomials of degree
< d and is defined formally as

distog (a0 (f, Ta) = pigfd 1f = Plloo,fa.b]-

In order to bound this approximation error, we have to place some restrictions on the
functions that we approximate, and we will only consider functions with piecewise contin-
uous derivatives. Such functions lie in a space that we denote CX [a,b] for some integer
k > 0. A function f lies in this space if it has k — 1 continuous derivatives on the interval
[a,b], and the kth derivative DFf is continuous everywhere except for a finite number of
points in the interior (a,b), given by A = (z;). At the points of discontinuity A the limits
from the left and right given by D¥f(z;+) and D¥ f(z;—), should exist so all the jumps
are finite. If there are no continuous derivatives we write Cala,b] = CQ [a,b]. Note that
we will often refer to these spaces without stating explicitly what the singularities A are.

An upper bound for the distance of f to polynomials of degree d is fairly simple to
give by choosing a particular approximation, namely Taylor expansion.

Theorem 9.1. Given a polynomial degree d and a function f in C’Z“Ll[a, b], then
diStoo,[a,b] (fa 7Td) < thd+1 ‘ |Dd+1f| ’oo,[a,b]7

where h = b — a and .
Kj=————
47 21 (d 4 1))

depends only on d.

Proof. Consider the truncated Taylor series of f at the midpoint m = (a + b)/2 of [a, b].

(@ —m)"
Tif(z) =) TDkf(m), for x € [a, b].
k=0

Since T, f is a polynomial of degree d we clearly have

distoo [a,5) (f5 7a) < [|f = Taflloo,[a)- (9.1)

To study the error we use the integral form of the remainder in the Taylor expansion,

xT

f@) = Tuf @) = 5 [ (@ =)D f(0)d,

m

which is valid for any x € [a, b]. If we restrict  to the interval [m, b] we obtain

T

£0) = Taf @] < 1D f i [ (0= 0)'d

m

The integral is given by

1 [* p 1 g1 1 /h\*
_ _ — _ < =
a ), @y = ey T s . ’
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so for x > m we have

1
|f(z) — Tuf(x)] < mhd+l|’Dd+lfHoo,[a,b]'

By symmetry this estimate must also hold for z < m and combining it with (9.1) completes
the proof of the theorem. N

We remark that the best possible constant Ky can actually be computed. In fact, for
each f € C%1[a,b] there is a point £ € [a, b] such that

. 2
distoe [a,5 (f5 Ta) = mhdﬂ D f(€))

Applying this formula to the function f(x) = 29! we see that the exponent d + 1 in h%+!
is best possible.

9.2 The distance to splines

Just as we defined the distance from a function f to the space of polynomials of degree
d we can define the distance from f to a spline space. Our aim is to show that on one
knot interval, the distance from f to a spline space of degree d is essentially the same as
the distance from f to the space of polynomials of degree d on a slightly larger interval,
see Theorem 9.2 and Corollary 9.11. Our strategy is to consider the cases d = 0, 1 and 2
separately and then generalise to degree d. The main ingredient in the proof is a family
of simple approximation methods called quasi-interpolants. As well as leading to good
estimates of the distance between f and a spline space, many of the quasi-interpolants are
good, practical approximation methods.

We consider a spline space Sq¢ where d is a nonnegative integer and ¢t = (¢;);" 1d+1 is a

i=
d + 1 regular knot vector. We set

a=1t, b=t,rqr1, hj=tj41—1t;, h= max hj.
1<j<n

Given a function f we consider the distance from f to Sg; defined by
disty 14 ,Sg¢) = inf = lloo.rabl-
Ja.0) (f5Sa,t) Jaf 1 = 9lloo,fap)

We want to show the following.

Theorem 9.2. Let the polynomial degree d and the function f in C’Zﬂ[a,b] be given.
Then for any spline space Sy ¢

diStoo,[a,b] (f7 Sd,t) < thd+l ‘ |Dd+1f| ’oo,[a,b]7 (92)

where the constant Ky depends on d, but not on f,h ort.
We will prove this theorem by constructing a spline P;f such that

|f(@) = Paf ()| < Kah™ D fllog g, € [a,] (9:3)
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for a constant K; depending only on d. The approximation Py;f will be on the form
n
Paf =Y Xi(f)Bia
i=1

where )\; is a rule for computing the ith B-spline coefficient. We will restrict ourselves to
rules \; like

d
Xi(f) = Zwi,kf(fﬂi,k)
k=0

where the points (miyk)gzo all lie in one knot interval and (wi7k)g:0 are suitable coefficients.
These kinds of approximation methods are called quasi-interpolants.

9.2.1 The constant and linear cases

We first prove Theorem 9.2 in the low degree cases d = 0 and d = 1. For d = 0 the knots
form a partition a = t; < --- < t;,41 = b of [a, b] and the B-spline B; ¢ is the characteristic
function of the interval [t;, t;11) for i = 1,...,n—1, while By, o is the characteristic function
of the closed interval [ty t,+1]. We consider the step function

g9="Pf=>>_ f(tis12)Bip,

i=1
where t;, 15 = (t; +ti11)/2. Fix x € [a,b] and let | be an integer such that t; <z <t,;.
We then have N

f@) = (@) = @) = Flt) = [ DIy

ti11/2
SO

h
f(z) = Pof(@)] < |z = tipajol 1D Flloo i) < 51D flloc fa )

In this way we obtain (9.2) with Ky = 1/2.
In the linear case d = 1 we define P; f to be the piecewise linear interpolant to f on ¢

g=Pif = f(ti1)Bi1.
i=1

Proposition 5.2 gives an estimate of the error in linear interpolation and by applying this
result on each interval we obtain

h2
Hf - Plf”oo,[a,b] < g”DQfHoo,[a,b]
which is (9.2) with K, = 1/8.

9.2.2 The quadratic case

Consider next the quadratic case d = 2. We shall approximate f by the quasi-interpolant
P, f that we constructed in Section 8.2.2. Its properties is summarised in the following
lemma.
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Lemma 9.3. Suppose t = (¢ )"213 is a knot vector with t;y3 > t; fori = 1,...,n. The

operator
Pf = Z Ai(f)Bigg, with \(f) = _%f(ti—&-l) +2f(tiyz/2) — %f(tiw) (9.4)

satisfies Pop = p for all p € 7.
To show that (9.3) holds for d = 2 we now give a sequence of small lemmas.
Lemma 9.4. Let P»(f) be as in (9.4). Then

‘Az(f)’ S 3”fHOO,[t~;+1,ti+2}7 Z = 17 c 7n' (95)

Proof. Fix an integer . Then

MO = | = 5 7 (ti1) + 2 (tapage) — 3 F(tss2)] < (5 424 Dl ot
from which the result follows. =
Lemma 9.5. For { =3, ..., n we can bound P»f on a subinterval [t,ts+1] by
|’P2fHoo,[tg,tg+1] < 3‘|f”oo,[tg,1,t“2}- (9.6)

Proof. Fix = € [ty tgy1]. Since the B-splines are nonnegative and form a partition of
unity we have

P2 f(z)| = ‘ Z Ai(f)Bizt(z)| < Z_rggggglki(f)l
i=0—2 -
< 34 H212'X<€ HfHOO [tz+1, z+2] 3HfHOO,[tg,1,t[+2}7

where we used Lemma 9.4. This completes the proof. N

The following lemma shows that locally, the spline P» f approximates f essentially as
well as the best quadratic polynomial.

Lemma 9.6. For ¢ =3, ..., n the error f — P, f on the interval [ty,ty11] is bounded by

||f - P2f| |OO,[tg7tg+1} S 4diStOO7[tg_1,t4+2] (f7 7T2)‘ (97)

Proof. Let p € m be any quadratic polynomial. Since Pop = p and P is a linear operator,
application of (9.6) to f — p yields

[f(@) = (Pof)(@)] = [ f(2) = p(2) = (P2f) (@) — p())|
< |f(@) = p(@)| + [P2(f = p)(2)| (9-8)
< @+ 3 = pllos,fte1,te12)-
Since p is arbitrary we obtain (9.7). =

We can now prove (9.2) for d = 2. For any interval [a,b] Theorem 9.1 with d = 2 gives
distog (0,6 (f 72) < Koh®||D? f|los fa):

where h = b — a and K2 = 1/(233!). Combining this estimate on [a,b] = [ty_1,ts1o] with
(9.7) we obtain (9.3) and hence (9.2).
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9.2.3 The general case
The general case is analogous to the quadratic case, but the details are more complicated.
Recall that for d = 2 we picked three points x; = tit1 + k(tiq2 — tiy1)/2 for £ =0,1,2
in each subinterval [t;;1,t; 2] and then chose constants w; j for k = 0, 1, 2 such that the
operator

Pf= Z Ni(f)Bigt, with XN(f) = wiof(zio) +winf(xin) + wiaf(zi2),
i1

reproduced quadratic polynomials. We will follow the same strategy for general degree.
The resulting quasi-interpolant is a special case of the one given in Theorem 8.7.
Suppose that d > 2 and fix an integer ¢ such that ¢;14 > ;1. We pick the largest
subinterval [a;, b;] = [t;, ti+1] of [tit1,tirq] and define the uniformly spaced points
k
xi,k:ai—i—a(bi—ai), fork=0,1,...,d (9.9)
in this interval. Given f € Cala,b] we define P;f € Sq¢ by

n d
Paf(x) =Y X(f)Bia(x), where X(f)=> w;pf(zir). (9.10)
i—1 k=0

The following lemma shows how the coefficients (wi7k)‘,§:0 should be chosen so that P;p = p
for all p € my.

Lemma 9.7. Suppose that in (9.10) the functionals \; are given by \i(f) = f(tiy1) if
titd = tit1, while if titq > tiy1 we set

wi,k :’Yi(pi,k)) k= 071)"'7d7 (911)
where ;(p; 1;) Is the ith B-spline coefficient of the polynomial
H
B 27-]
pip(z) = [ ——2L. 9.12
st =115 (9.12)
J#k

Then the operator Py in (9.10) satisfies Pyp = p for all p € my.

Proof. Suppose first that ¢;14 > t;+1. Any p € m4 can be written in the form

d
p(x) = p(ip)pip(@). (9.13)
k=0

For if we denote the function on the right by ¢(x) then q(z; %) = p(x;) for k=0, 1, ...,
d, and since g € 7y it follows by the uniqueness of the interpolating polynomial that p = q.
Now, by linearity of v; we have

d

d
Ai(p) =D wikp(ir) =Y vi(pir)p(wik)
k=0

k=0

d
= %’(Zpi,kp(xi,k)) = 7i(p).
k=0
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If tiy1 = t;1q we know that a spline of degree d with knots t agrees with its ¢ + 1st
coefficient at t;+1. In particular, for any polynomial p we have A\;(p) = f(ti+1) = 7 (p).
Alltogether this means that

Py(p) =D Xi(p)Bia(x) = > 7i(p)Bia(w) = p
i=1 i=1

which confirms the lemma. &

The B-spline coefficients of p; ;. can be found from the following lemma.

Lemma 9.8. Given a spline space Sq ¢ and numbers v1, . ..,vq. The ith B-spline coefficient
of the polynomial p(z) = (x — v1)...(x — vq) can be written

1
vilp) = S (tiggy —v1) - (tirg, — va), (9.14)
(J152da) €My
where Il is the set of all permutations of the integers 1,2, ...,d.

Proof. By Theorem 4.16 we have

Yi(p) = Blpl(tit1; - - - tivd),

where Blp] is the blossom of p. It therefore suffices to verify that the expression (9.14) for
vi(p) satisfies the three properties of the blossom, but this is immediate. &

As an example, for d = 2 the set of all permutations of 1,2 are Il = {(1,2),(2,1)}
and therefore
1

vi((z — o) (x —v2)) = 3 ((tm —v1)(tiv2 — v2) + (tige — v1)(tiv1 — U2))~

We can now give a bound for \;(f).
Theorem 9.9. Let Py(f) = >i", N\i(f)Bi,a be the operator in Lemma 9.7. Then

’)\Z(f)‘ SKd‘|fHOO,[ti+1,ti+d]7 i = 17"'7n7 (915)
where
24 d
Kq = Zld(d-1)] (9.16)

depends only on d.

Proof. Fix an integer ¢. From Lemma 9.8 we have

d
tivj. — v
wir= > ] <“> /d!, (9.17)
. - o Lik — Ur
(J15--,Ja) €l r=1
where (v,)_, = (@i,0y -+ s Tik—1, Tit1,- - -, Zid). and II; denotes the set of all permuta-
tions of the integers 1, 2, ..., d. Since the numbers t;,; and v, belongs to the interval
[tit1,tirq] for all r we have the inequality

d
[ tiss = ve) < (tiga — ti)™

r=1
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We also note that x; , — v, = (k—¢q)(b; —a;)/d for some ¢ in the range 1 < ¢ < d but with
q # k. Taking the product over all r we therefore obtain

i bi—ai\ tisa — tir)”
H!m vr\_H! Uy — ag) > K(d— k) <d> > ki(d — k)! (M)
q#:

for all values of k and r since [a;, b;] is the largest subinterval of [t; 11, t;14]. Since the sum
n (9.17) contains d! terms, we find

d d
[d(d — 1)) dy _ 2 d_
> el < P DES () = Zaga - 1 = K
k=0 k=0
and hence J
|)\Z(f)| S ||f’|oo,[ti+1,ti+d] Z |w1,k| S Kd||f”oo,[ti+1,ti+d] (918)
k=0

which is the required inequality. R

From the bound for \;(f) we easily obtain a bound for the norm of P;f.
Theorem 9.10. For d+1 <1 <n and f € Cala,b] we have the bound

HPdeOO,[tl7tl+1] S Kd”f|’oo,[tl_d+1,tl+d]7 (919)

where K is the constant in Theorem 9.9.

Proof. Fix x € [t;,t;41]. Since the B-splines are nonnegative and form a partition of unity
we have by Theorem 9.9

l

[Paf (@)l =1 D Ni(f)Bigal) < ,max [Ai(f)]

. —d<i<l
i=l—d

< Kq max || flloo, e

1—d<i<l i+1 z+d] KdHfHOO [ti— d+1»tl+d]

This completes the proof. &

The following corollary shows that P;f locally approximates f essentially as well as
the best polynomial approximation of f of degree d.

Corollary 9.11. Forl=d+1,...,n the error f — P;f on the interval [t;, t;11] is bounded
by
Hf - Pdf”oo,[tl,tH_ﬂ S (]' + Kd) diStOO,[tl_d+1,tl+d](f’ ﬂ-d)’ (920)

where K is the constant in Theorem 9.9

Proof. We argue exactly as in the quadratic case. Let p € my be any polynomial in 7.
Since Pyp = p and P, is a linear operator we therefore have

|f(x) = (Paf)(2)| = | f(2) — p(z) — (Paf)(z) — p(x))|
< |f(x) = p(x)| + |Pa(f — p)())|
< (T + K = Pllooti—artival-

Since p is arbitrary we obtain (9.20). =
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We can now prove (9.2) for general d. By Theorem 9.1 we have for any interval [a, b]
diStoo,[a,b] (fa 7Td) < thd+1 | |Dd+1f| ’oo,[a,b]v

where h = b—a and K4 only depends on d. Combining this estimate on [a, b] = [t;—g+1, ti+d]
with (9.20) we obtain (9.3) and hence (9.2).

9.3 Stability of the B-spline basis

In order to compute with polynomials or splines we need to choose a basis to represent
the functions. If a basis is to be suitable for computer manipulations then it should be
reasonably insensitive to round-off errors. In particular, functions with ‘small’ function
values should have ‘small’ coefficients and vice versa. A basis with this property is said
to be well conditioned or stable. In this section we will study the relationship between a
spline and its coefficients quantitatively by introducing the condition number of a basis.

We have already seen that the size of a spline is bounded by its B-spline coeflicients.
There is also a reverse inequality, i.e., a bound on the B-spline coefficients in terms of the
size of f. There are several reasons why such inequalities are important. In Section 4.1
we made use of this fact to estimate how fast the control polygon converges to the spline
as more and more knots are inserted. A more direct consequence is that small relative
perturbations in the coefficients can only lead to small changes in the function values.
Both properties reflect the fact that the B-spline basis is well conditioned.

9.3.1 A general definition of stability

The stability of a basis can be defined quite generally. Instead of considering polynomials,
we can consider a general linear vector space where we can measure the size of the elements
through a norm; this is called a normed linear space.

Definition 9.12. Let U be a normed linear space. A basis (¢;) for U is said to be stable
with respect to a vector norm || - || if there are small positive constants C; and Cy such
that

ot el < [ e < callell (921)
J
for all sets of coefficients ¢ = (c;). Let C} and C5 denote the smallest possible values of
Cy and Cy such that (9.21) holds. The condition number of the basis is then defined to
be k= w((6:):) = CC;.
At the risk of confusion, we have used the same symbol both for the norm in U and
the vector norm of the coefficients. In our case U will of course be some spline space Sq ¢

and the basis (¢;) will be the B-spline basis. The norms we will consider are the p-norms
which are defined by

b 1/p 1/p
|f||p=|rf||p,[a,b]=(/ If(fr)lpdx) . and ||c||p=<ZIij>
a J

where f is a function on the interval [a,b] and ¢ = (¢;) is a real vector, and p is a real
number in the range 1 < p < oo for any real number. For p = co the norms are defined by

lloe = 1oy = masx 1£(@)l, and - lelloe = [[(e)]]c = maxesl,
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In practice, the most important norms are the 1-, 2- and oco-norms.

In Definition 9.12 we require the constants C7 and Cs to be ‘small’, but how small is
‘small’? There is no unique answer to this question, but it is typically required that C4
and (5 should be independent of the dimension n of U, or at least grow very slowly with
n. Note that we always have k > 1, and x = 1 if and only if we have equality in both
inequalities in (9.21).

A stable basis is desirable for many reasons, and the constant kK = C1Cs crops up in
many different contexts. The condition number x does in fact act as a sort of derivative
of the basis and gives a measure of how much an error in the coefficients is magnified in a
function value.

Proposition 9.13. Suppose (¢;) is a stable basis for U. If f = Zj cj¢; and g = Zj bio;
are two elements in U with f # 0, then

1 =oll _,lle=bll
I =" el

where k is the condition number of the basis as in Definition 9.12.

(9.22)

Proof. From (9.21), we have the two inequalities ||f — g|| < Ca||(¢; — bj)|| and 1/||f]| <
C1/]/(¢;)||- Multiplying these together gives the result. =

If we think of g as an approximation to f, then (9.22) says that the relative error in
f — g is bounded by at most k times the relative error in the coeflicients. If k is small,
then a small relative error in the coefficients gives a small relative error in the function
values. This is important in floating point calculations on a computer. A function is
usually represented by its coefficients relative to some basis. Normally, the coefficients are
real numbers that must be represented inexactly as floating point numbers in a computer.
This round-off error means that the computed spline, here g, will differ from the exact
f. Proposition 9.13 shows that this is not so serious if the perturbed coefficients of g are
close to those of f and the basis is stable.

Proposition 9.13 also provides some information as to what are acceptable values of
C7 and (5. If for example k = C7C5 = 100 we risk losing 2 decimal places in evaluation
of a function; exactly how much accuracy one can afford to lose will of course vary.

One may wonder whether there are any unstable polynomial bases. It turns out that
the power basis 1, x, 22, ..., on the interval [0, 1] is unstable even for quite low degrees.
Already for degree 10, one risks losing as much as 4 or 5 decimal digits in the process of
computing the value of a polynomial on the interval [0, 1] relative to this basis, and other
operations such as numerical root finding is even more sensitive.

9.3.2 The condition number of the B-spline basis. Infinity norm

Since splines and B-splines are defined via the knot vector, it is quite conceivable that
the condition number of the B-spline basis could become arbitrarily large for certain knot
configurations, for example in the limit when two knots merge into one. We will now prove
that the condition number of the B-spline basis can be bounded independently of the knot
vector so it cannot grow beyond all bounds when the knots vary.

The best constant C5 in Definition 9.12 can be found quite easily for the B-spline basis.
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Lemma 9.14. In all spline spaces Sq¢ the bound

m
HZ b;B; q
i=1

holds. Equality holds if b; = 1 for all i and the knot vector t = (t;)"4 is d + 1-extended;
in this case C5 = 1.

| < [1bllec
00, [t1,tm+1+d)

Proof. This follows since the B-splines are nonnegative and sum to one. §

To find a bound for the constant C; we shall use the operator P, given by (9.3). We
recall that P; reproduces polynomials of degree d, i.e., P;p = p for all p € 4. We now
show that more is true; we have in fact that P; reproduces all splines in Sq ¢.

Theorem 9.15. The operator

Puf =Y Nilf)Bia
i=1

given by (9.3) reproduces all splines in Sq¢, Pyf = f for all f € Sg4.
Proof. We first show that
Nj(Br,d) = 9k, for jk=1,..., n. (9.23)

Fix 7 and let
I - [aub ] [tlmtl +1]

be the interval used to define \;(f). We consider the polynomials
¢k = Br.alr, for ; —d <k <l

obtained by restricting the B-splines {Bk,d}%:zif 4 to the interval I;. Since P; reproduces

T4 we have
l;

dr(x) = (Pagi)(x) = > Nj(dr)dj(x

Jj=l;—d

for = in the interval I;. By the linear independence of the the polynomials (¢y) we therefore
obtain

Aj(Br,a) = Nj(ér) = 6k, for jk=1—4d, ..., L.

In particular we have \;B; g = 1 since l; —d < ¢ < [;. For k <l; —d or k > [; the support
of By q has empty intersection with I; so \j(By 4) = 0 for these values of k. Thus (9.23)
holds for all k.

To complete the proof suppose f = > | ¢xBjq is a spline in Sg¢. From (9.23) we

then have
n

Qf = Z ZCM (Brd))Bja = ZCij,d =f n

j=1 k=1 j=1
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To obtain an upper bound for C} we note that the leftmost inequality in (9.21) is
equivalent to
bi| < Chllfll, i=1,...,m.

Lemma 9.16. There is a constant K , depending only on the polynomial degree d, such
that for all splines f =" | b;B; 4 in some given spline space Sq+ the inequality

’bZ’ S Kd”f‘|[ti+1,ti+d} (924)
holds for all 1.

Proof. Consider the operator Py given in Lemma 9.7. Since P;f = f we have b; = A\;(f).
The result now follows from (9.15) B

Note that if [a,b] C [c,d], then |[f[|l ap) < [Iflloc,jc,q- From (9.24) we therefore
conclude that [b;| < Kl flloo,[t1,t,,1.q for all @ or briefly [|b|| < Kyl f||. The constant Ky
can therefore be used as C'1 in Definition 9.12 in the case where the norm is the oco-norm.
Combining the two lemmas we obtain the following theorem.

Theorem 9.17. There is a constant K, depending only on the polynomial degree d,
such that for all spline spaces Sq+ and all splines f = > ", b;B; 4 € Sqt with B-spline
coefficients b = (b;)™ , the inequalities

K7 H[blloo < I1f Moo ftr,tmya] < 11Blloo (9.25)
hold.

The condition number of the B-spline basis on the knot vector ¢ with respect to the oco-
norm is usually denoted k4o ¢ By taking the supremum over all knot vectors we obtain
the knot independent condition number xq o,

Rd,co = SUP Kd,co,t-
t

Theorem 9.17 shows that k4 is bounded above by Kj.

The estimate K, for C7 given by (9.16) is a number which grows quite rapidly with
d and does not indicate that the B-spline basis is stable. However, it is possible to find
better estimates for the condition number, and it is known that the B-spline basis is very
stable, at least for moderate values of d. To determine the condition number is relatively
simple for d < 2; we have Kp,oo = K1,00 = 1 and k2 o = 3. For d > 3 it has recently been
shown that r4 = O(29). The first few values are known numerically to be k3,00 ~ 5.5680
and k4,00 ~ 12.088.

9.3.3 The condition number of the B-spline basis. p-norm

With 1 < p < oo and ¢ such that 1/p+1/q = 1 we recall the Holder inequality for functions

b
/ F@g(@)de < 1 fllglla

and the Holder inequality for sums

> Ibicil < 10 ()i llg-
=1



9.3. STABILITY OF THE B-SPLINE BASIS 193

We also note that for any polynomial g € w4 and any interval [a, b] we have

b
o)l < 7 [ lotllde, o e fat) (9.26)

where the constant C' only depends on the degree d. This follows on [a,b] = [0, 1] since
all norms on a finite dimensional vector space are equivalent, and then on an arbitrary
interval [a, b] by a change of variable.

In order to generalise the stability result (9.25) to arbitrary p-norms we need to scale
the B-splines differently. We define the p-norm B-splines to be identically zero if ¢, 411 = ¢;

and

d 1 1/p

B}y = <+ ) Bi .t (9.27)
tiva+1 — ti

otherwise.

Theorem 9.18. There is a constant K, depending only on the polynomial degree d, such
that for all 1 < p < oo, all spline spaces Sy and all splines f = > ", bide € Sq¢ with
p-norm B-spline coefficients b = (b;)!"; the inequalities

E=H1bllp < 11 £1lp 1t sa < 1Bl (9.28)

hold.

Proof. We first prove the upper inequality. Let v; = (d+1)/(tizq+1 —t;) fori =1,...,m
and set [a,b] = [t1, tm+d+1]. Using the Holder inequality for sums we have

. 1/p 1/17 1/q P~ 3. v ‘ a
Z|blB Z|b B < Z|bz| 'Ysz,d ZBz,d .

Raising this to the pth power and using the partition of unity property we obtain the
inequality
1> 0By @)[" < |bilPyiBia(z), xz€R.
i i

Therefore, recalling that f B q(x)dx = 1/~; we find

b b
U2 o :/ S 0B (@) d < Z\bi!p%/ Buale)de = 3 bl

Taking pth roots proves the upper inequality.

Consider now the lower inequality. Recall from (9.24) that we can bound the B-spline
coefficients in terms of the infinity norm of the function. In terms of the coefficients b; of
the p-norm B-splines we obtain from (9.24) for all ¢

d+1 1/p
(*) bl <K max ()
Liva+1 — ti tit1<z<titq



194 CHAPTER 9. APPROXIMATION THEORY AND STABILITY

where the constant K only depends on d. Taking max over a larger subinterval, using
(9.26), and then Holder for integrals we find

|bi] < K1(d+ 1) 7P (tipass — tz‘)l/p\ max | f(z)]
ti<x<titqi1

_ titd+1
< CKi(d+ 1)_1/p (tz‘+d+1 — ti) 1+1/p/ |f(y)| dy
t;

1/p

titd+1
<criar ([T s a)

Raising both sides to the pth power and summing over ¢ we obtain

b;lP < CPKP(d+ 1)1 i Pdy < CPKP||f||P
Z! i < 1(d+1) Z § |f(y)Pdy < iIAlAE

i

Taking pth roots we obtain the lower inequality in (9.28) with K = CK;. &

Exercises for Chapter 9

9.1 In this exercise we will study the order of approximation by the Schoenberg Variation
Diminishing Spline Approximation of degree d > 2. This approximation is given by

= tip1+---t
. i1+ tivd
Vaf = Z f(t)Big, with tf= %
=1
Here B; 4 is the ith B-spline of degree d on a d+ 1-regular knot vector t = (¢;) Z-:Jqdﬂ.
We assume that t;14 > t; for i = 2,...,n. Moreover we define the quantities

a=t b=t h = max t;+1 — t;.
1, n+d+1; 1<i<n 1+1 7

We want to show that V;f is an O(h?) approximation to a sufficiently smooth f.

We first consider the more general spline approximation
Vaf = Xi(£)Bia, with Ni(f) = wiof(zi0) +winf(2i1).
i=1

Here z;9 and x;; are two distinct points in [t;,t;44] and w;o,w;1 are constants,
1=1,...,n.

Before attempting to solve this exercise the reader might find it helpful to review
Section 9.2.2

a) Suppose for i =1,...,n that w; o and w;; are such that

wio +wi1 =1

*
TioWio + w1 =t

Show that then Vyp = p for all p € m. (Hint: Consider the polynomials
p(z) =1 and p(z) = x.)
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b) Show that if we set x; 9 = ¢ for all i then Vaf = Vuf for all f, regardless of
how we choose the value of z; ;.

In the rest of this exercise we set A\;(f) = f(¢7) fori =1,...,n, i.e. we consider
Vaf. We define the usual uniform norm on an interval [c, d] by

Hf”[c,d] = sup ‘f(‘,r)’a f € CA[C, d]
c<zx<d

c) Show that ford+1<1<n

WVafllit by < Wl e f € Cala,b].

I—ali
d) Show that for f € Calt]_ 4 tf]andd+1<1<n

L = Vafllig o) < 2dist o (f,m).
e) Explain why the following holds for d+1 <1 <n

(] —ti_a)?

diSt[tf—dvtl*](f? 7T1) < 3

1D? fllier a1
f) Show that the following O(h?) estimate holds
4 52
1 = Vaflle < PP Fllap-

(Hint: Verify that t; —t; , < hd. )

9.2 In this exercise we want to perform a numerical simulation experiment to determine
the order of approximation by the quadratic spline approximations

- . . «  tiy1 1
V2f:Zf(tz')Bi,2’ with  #; Z%,
1
Pf = Z Ftipn) + 2/ (t) = 5/ (tir2)) Bz

We want to test the hypotheses f — Vaof = O(h?) and f — Pof = O(h3) where h =
max; ti+1 — t;. We test these on the function f(x) = sinz on [0, 7] for various values
of h. Consider for m > 0 and n,, = 2+ 2™ the 3-regular knot vector ™ = (t*)"m*+?
on the interval [0, 7] with uniform spacing h,, = 727"™. We define

+ 7
. it1 1o
Vo f = thl+3/2 )BlS,  with t?‘:%,

1
Py f = Z (E50) + 2f (t5)0) = 5 F(812)) B,
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and B[4 is the ith quadratic B-spline on ¢". As approximations to the norms

1f = Vo™ fllo,x) and ||f — Py flljo.-] we use
By = max |f(3m/100) = V5" f(jm/100)],
Ep = ognjlgi{OO |f(jm/100) — Py f(jm/100)].

Write a computer program to compute numerically the values of EY} and E for
m = 0,1,2,3,4,5, and the ratios E(}"”/E‘Cnfl and E}?/E?il for 1 < m < 5. What
can you deduce about the approximation order of the two methods?

Make plots of Vi" f, PJ* f, f — V3" f, and f — P}* f for some values of m.

Suppose we have m > 3 data points (azi, f(xz)):il sampled from a function f, where
the abscissas @ = (z;)", satisfy x; < --- < xy,. In this exercise we want to derive
a local quasi-interpolation scheme which only uses the data values at the z;’s and
which has O(h?) order of accuracy if the y-values are sampled from a smooth function

f. The method requires m to be odd.

From x we form a 3-regular knot vector by using every second data point as a knot

t= (t])?’if’ = (r1, 21,21, 3,5, - - -y Tm—2, Ty Ty Ty, (9.29)

where n = (m + 3)/2. In the quadratic spline space S+ we can then construct the
spline

Qa2f =Y Ni(f)Bja, (9.30)
j=1
where the B-spline coefficients \;( f );L:l are defined by the rule
1 _ _
M) =5 (=0 oagoa) 4 6,04 62 ongn) = 058 (o) ). (03)

forj=1,...,n. Here 1 =60, =1 and
g, — P22 = T2j-3
= A2 "3
T2j-1 — T2j-2
forj=2,....,n—1
a) Show that Q)2 simplifies to P, given by (9.4) when the data abscissas are uni-
formly spaced.

b) Show that Qop = p for all p € w5 and that because of the multiple abscissas at
the ends we have A1 (f) = f(x1), An(f) = f(zm), so only the original data are
used to define Q2 f. (Hint: Use the formula in Exercise 1.

c) Show that for j =1,...,n and f € Calzr1, Tm]
(A (<20 + DI flloo, 5 41.4542]>
where

0 = max {0;",0;}.

1<j<n
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d) Show that for I =3,...,n, f € Calz1, 2], and = € [t;, t;41]
Q2 (f)(@)] < (20 + DI Flloo, i1 ,t14]-
e) Show that for  =3,...,n and f € Calx1,zy)]
1f = Q2flloot,ti0) < (20 + 2) distyy, 4,1 (f, 72)-
f) Show that for f € C}[z1,Zm] we have the O(h3) estimate

||f - QQfHoo,[zl,a:m] < K(9)|Ax|3||D3f||oo,[w1,;vm]a

where
|Az| = max|zji1 —

and the constant K (6) only depends on 6.
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CHAPTER 10

Shape Preserving Properties of
B-splines

In earlier chapters we have seen a number of examples of the close relationship between a
spline function and its B-spline coefficients. This is especially evident in the properties of
the Schoenberg operator, but the same phenomenon is apparent in the diagonal property
of the blossom, the stability of the B-spline basis, the convergence of the control polygon
to the spline it represents and so on. In the present chapter we are going to add to this list
by relating the number of zeros of a spline to the number of sign changes in the sequence of
its B-spline coeflicients. From this property we shall obtain an accurate characterisation
of when interpolation by splines is uniquely solvable. In the final section we show that
the knot insertion matrix and the B-spline collocation matrix are totally positive, i.e., all
their square submatrices have nonnegative determinants.

10.1 Bounding the number of zeros of a spline

In Section 4.5 of Chapter 4 we showed that the number of sign changes in a spline is
bounded by the number of sign changes in its B-spline coefficients, a generalisation of
Descartes’ rule of signs for polynomials, Theorem 4.23. Theorem 4.25 is not a completely
satisfactory generalisation of Theorem 4.23 since it does not allow multiple zeros. In this
section we will prove a similar result that does allow multiple zeros, but we cannot allow
the most general spline functions. we have to restrict ourselves to connected splines.

Definition 10.1. A spline f = 2?21 ¢jBjq in S4 - is said to be connected if for each x
in (71, Tntd+1) there is some j such that 7; < x < Tj1q41 and ¢j # 0. A point x where this
condition fails is called a splitting point for f.

To develop some intuition about connected splines, let us see when a spline is not
connected. A splitting point of f can be of two kinds:

(i) The splitting point x is not a knot. If 7, < < 7,41, then 7; < o < Tjt41
for j = p—d, ..., pu (assuming the knot vector is long enough) so we must have
Cyu—d =+ =cu = 0. In other words f must be identically zero on (7, 7,+1). In this
case f splits into two spline functions f; and fo with knot vectors 7! = (Tj)g‘:1 and

199
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2= (1 ])?i:fﬂ We clearly have
pn—d—1 n

(ii) The splitting point x is a knot of multiplicity m, say

Tu <xTr= Tu+l = = Tu+m < Tu+m+1-
In this case we have 7; < x < Tj1144 for j = p+m —d, ..., p. We must therefore
have ¢4 m—q = -+ = ¢, = 0. (Note that if m = d + 1, then no coefficients need to

be zero). This means that all the B-splines that “cross” x do not contribute to f. It
therefore splits into two parts f; and fo, but now the two pieces are not separated

by an interval, but only by the single point 2. The knot vector of f; is 7! = (T]);Li{n

and the knot vector of fo is 72 = (Tj)’]?igﬂ, while
pu+m—d—1 n
fi= Z c;iBj 4, fo= Z c;iBjgq.
Jj=1 Jj=p+1

Before getting on with our zero counts we need the following lemma.

Lemma 10.2. Suppose that z is a knot that occurs m times in T,
T <Z2=Ti41 = = Titm < Ti+m+1

for some i. Let f = Ej ¢jBj 4 be a spline in Sq . Then
(=1 D" pja(2)D" f(2) (10.1)

for all j such that 7; < z < Tjyay1, where pja(y) = (y — Tj41) - (Y — Tjd)-

Proof. Recall from Theorem 8.5 that the B-spline coefficients of f can be written as

d
&= MT = 5 S DD R pa() D (),

i
o

where y is a number such that B;4(y) > 0. In particular, we may choose y = z for
j=t14+m-—d,..., 150

(=)D p; 4(2) D £ (2), (10.2)

M=

1
Cj:)\jf:a

B
Il
)

for these values of j. But in this case p; 4(y) contains the factor (y —7i41) -+ (¥ — Tiem) =
(y—2)"so DFp;4(2) =0fork>d—mand j=i+m—d, ..., 1, ie., for all values of
Jj such that 7; < z < Tj4q41. The formula (10.1) therefore follows from (10.2). N
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In the situation of Lemma 10.2, we know from Lemma 2.6 that D* f is continuous at z
for k =0, ..., d—m, but D¥1=™f may be discontinuous. Equation (10.1) therefore shows
that the B-spline coefficients of f can be computed solely from continuous derivatives of
f at a point.

Lemma 10.3. Let f be a spline that is connected. For each x in (T1,Tp+q+1) there is
then a nonnegative integer r such that D" f is continuous at x and D" f(x) # 0.

Proof. The claim is clearly true if = is not a knot, for otherwise f would be identically zero
on an interval and therefore not connected. Suppose next that x is a knot of multiplicity
m. Then the first discontinuous derivative at z is D% ™+ f so if the claim is not true,
we must have DIf(z) = 0 for j = 0, ..., d — m. But then we see from Lemma 10.2
that ¢; = A\ f = 0 for all [ such that 77 < x < T;1411. But this is impossible since f is
connected. N

The lemma shows that we can count zeros of connected splines precisely as for smooth
functions. If f is a connected spline then a zero must be of the form f(z) = Df(z) =--- =
D"1f(2) = 0 with D" f(z) # 0 for some integer r. Moreover D" f is continuous at z. The
total number of zeros of f on (a,b), counting multiplicities, is denoted Z(f) = Z(q)(f)-
Recall from Definition 4.21 that S~ (¢) denotes the number of sign changes in the vector
¢ (zeros are completely ignored).

Example 10.4. Below are some examples of zero counts of functions. For comparison we have also
included counts of sign changes. All zero counts are over the whole real line.

Z(x) =1, (@) =1, Z(z(1-2)*) =3, S (z(1-2)?) =1,
Z(z*)=2, S (%) =0, Z(2*(1 —2)%) =5, S™(2*1-=)?) =1,
Z(x") =1, S™(z") =1, Z(—1—a* + cosz) = 2, S7(=1—2® +cosz) = 0.

We are now ready to prove a generalization of Theorem 4.23 that allows zeros to be
counted with multiplicities.

Theorem 10.5. Let f = Z;‘Zl c;Bj.q be a spline in Sy that is connected. Then

Z(Tl,Tn+d+1)(f) S Si(c) S n— 1

Proof. Let z; < z9 < -+ < z; be the zeros of f in the interval (71, 7,+4+1), each of
multiplicity 7;; Lemma 10.2 shows that z; occurs at most d — r; times in 7. For if z;
occured m > d — r; times in 7 then d — m < 4, and hence ¢; = 0 by (10.1) for all j such
that 7; < 2z < Tj4 441, which means that z is a splitting point for f. But this is impossible
since f is connected.

Now we form a new knot vector 7 where z; occurs exactly d —r; times and the numbers
zi — h and z; + h occur d + 1 times. Here h is a number that is small enough to ensure
that there are no other zeros of f or knots from 7 other than z; in [z; — h,z; + h] for
1 < i < /£ Let ¢ be the B-spline coefficients of f relative to 7. By Lemma 4.24 we then
have S~ (¢) < S (c) so it suffices to prove that Z(;, » ... (f) < S7(¢). But since

0
Z(Tl77'n+d+1)(f) = Z Z(zl—h,zl-‘,-h)(f))
=1
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it suffices to establish the theorem in the following situation: The knot vector is given by

d+1 der d+1
—_— A ——————
T=(z—h,....,2—h%Z,...;2,z+h,....,2z+h)

and z is a zero of f of multiplicity ». We want to show that

d—r)! ,
cj = w(—1)d+1—JhTDTf(z), j=d+1—r,...,d+1, (10.3)
so that the r + 1 coefficients (cj)j.li;+1_r alternate in sign. For then S7(¢c) > r =

Z(o—h,z+h)(f). Fix j in the range d + 1 —r < j < d + 1. By equation (10.1) we have

; ;Z%(—l)de-kpj,d(z)D’ff(z) = C Dt (D (2),

since DY f(z) =0 for j =0 ..., r — 1. With our special choice of knot vector we have
pia(y) = (y—z+h) T (y =) (y — 2 — )T
Taking d — r derivatives we therefore obtain
DI a(2) = (d — )RS ()T =414 = (g — ) (= 1) A
and (10.3) follows. m

Figures 10.1 (a)—(d) show some examples of splines with multiple zeros of the sort
discussed in the proof of Theorem 10.5. All the knot vectors are d + 1-regular on the
interval [0, 2], with additional knots at x = 1. In Figure 10.1 (a) there is one knot at z = 1
and the spline is the polynomial (x — 1)? which has a double zero at = 1. The control
polygon models the spline in the normal way and has two sign changes. In Figure 10.1 (b)
the knot vector is the same, but the spline is now the polynomial (z — 1)3. In this case
the multiplicity of the zero is so high that the spline has a splitting point at x = 1. The
construction in the proof of Theorem 10.5 prescribes a knot vector with no knots at x = 1
in this case. Figure 10.1 (c) shows the polynomial (z — 1)? as a degree 5 spline on a
6-regular knot vector with a double knot at x = 1. As promised by the theorem and its
proof the coefficients change sign exactly three times. The spline in Figure 10.1 (d) is
more extreme. It is the polynomial (z — 1)® represented as a spline of degree 9 with one
knot at x = 1. The control polygon has the required 8 changes of sign.

10.2 Uniqueness of spline interpolation

Having established Theorem 10.5, we return to the problem of showing that the B-spline
collocation matrix that occurs in spline interpolation, is nonsingular. We first consider
Lagrange interpolation, and then turn to Hermite interpolation where we also allow inter-
polation derivatives.
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1 1
0.8
05
0.6
0.4
0.2 ; 1 15 2
-05
0.5 1 15 2
~02 \/
-1
(a) Cubic, 2 zeros, simple knot. (b) Cubic, multiplicity 3, simple knot.
1 1
0.8
0.5
,/.\
1 15 2 04
-05 0.2
-1 Nos N 1 NS s 2
(¢) Degree 5, multiplicity 3, double (d) Degree 9, multiplicity 8, simple
knot. knot.

Figure 10.1. Splines of varying degree with a varying number of zeros at and knots at z = 1.
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10.2.1 Lagrange Interpolation

In Chapter 8 we studied spline interpolation. With a spline space Sy » of dimension n and
data (y;)I"; given at n distinct points 1 < g < -+ < xp, the aim is to determine a spline
9= 1 ,¢B;qin Sy, such that

9(x;) = yi, fori=1,...,n. (10.4)
This leads to the linear system of equations
Ac=y,

where

BLd(a}l) Bgd(.fcl) . Bn,d(xl> C1 Y1

Bya(z2) Baa(z2) By a(2) ca Y2

A = . . y C = s y =
Bl,d(xn) B2,d($n) cen Bn,d(xn) Cn Yn

The matrix A is often referred to as the B-spline collocation matriz. Since B;q4(x) is
nonzero only if 7, < < Tj1q4+1 (we may allow 7; = z if 7; = 7;414 < Titd+1), the matrix A
will in general be sparse. The following theorem tells us exactly when A is nonsingular.

Theorem 10.6. Let S - be a given spline space, and let x1 < x2 < --- < x,, be n distinct
numbers. The collocation matrix A with entries (Bj7d(xi))?j:1 is nonsingular if and only
if its diagonal is positive, i.e.,

B; q(x;) >0 fori=1,...,n. (10.5)

Proof. We start by showing that A is singular if a diagonal entry is zero. Suppose that
xq < 74 (strict inequality if 7, = 7449 < Ty1a+1) for some ¢ so that By 4(z4) = 0. By the
support properties of B-splines we must have a;; = 0 fori =1, ..., gand j = ¢, ...,
n. But this means that only the n — ¢ last entries of each of the last n — ¢ + 1 columns
of A can be nonzero; these columns must therefore be linearly dependent and A must be
singular. A similar argument shows that A is also singular if x4 > 744 q41.

To show the converse, suppose that (10.5) holds but A is singular. Then there is a
nonzero vector ¢ such that Ac = 0. Let f = >""" | ¢;B; 4 denote the spline with B-spline
coefficients ¢. We clearly have f(z,) =0 for ¢ =1, ..., n. Let G denote the set

G= Ui{(ﬂ'yﬂ'—i—d—&-l) ‘ c # 0}.

Since each z in G must be in (7, Tj+4+1) for some 7 with ¢; # 0, we note that G contains no
splitting points of f. Note that if x; = 7, = 7,14 < Ti1q421 occurs at a knot of multiplicity
d+1, then 0 = f(x;) = ¢;. To complete the proof, suppose first that G is an open interval.
Since z; is in G if ¢; # 0, the number of zeros of f in G is greater than or equal to the
number ¢ of nonzero coefficients in ¢. Since we also have S™(c) < £ < Zg(f), we have a
contradiction to Theorem 10.5. In general G consists of several subintervals which means
that f is not connected, but can be written as a sum of connected components, each
defined on one of the subintervals. The above argument then leads to a contradiction on
each subinterval, and hence we conclude that A is nonsingular. N

Theorem 10.6 makes it simple to ensure that the collocation matrix is nonsingular. We
just place the knots and interpolation points in such a way that 7, < z; < 74441 fori =1,
.., n (note again that if 7; = 7,44 < Tyr4+1, then z; = 7; is allowed).
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10.2.2 Hermite Interpolation

In earlier chapters, particularly in Chapter 8, we made use of polynomial interpolation
with Hermite data—data based on derivatives as well as function values. This is also of
interest for splines, and as for polynomials this is conveniently indicated by allowing the
interpolation point to coalesce. If for example 1 = xo = x3 = x, we take x1 to signify
interpolation of function value at x, the second occurrence of x signifies interpolation of
first derivative, and the third tells us to interpolate second derivative at x. If we introduce
the notation

Nei) = max{j | @iy = a:)

and assume that the interpolation points are given in nondecreasing order as x1 < x2 <
.-+ < xp, then the interpolation conditions are

D*Wg(a;) = D= f () (10.6)

where f is a given function and g is the spline to be determined. Since we are dealing with
splines of degree d we cannot interpolate derivatives of higher order than d; we therefore
assume that z; < xj4q41 fori =1,..., n—d — 1. At a point of discontinuity (10.6) is
to be interpreted according to our usual convention of taking limits from the right. The
(i, j)-entry of the collocation matrix A is now given by

ai; = DU Bj (i),

and as before the interpolation problem is generally solvable if and only if the collocation
matrix is nonsingular. Also as before, it turns out that the collocation matrix is nonsingular
if and only if i, < x; < 74441, where equality is allowed in the first inequality only if
DH= (i)BLd(:):Z-) 2 0. This result will follow as a special case of our next theorem where we
consider an even more general situation.

At times it is of interest to know exactly when a submatrix of the collocation matrix is
nonsingular. The submatrices we consider are obtained by removing the same number of
rows and columns from A. Any columns may be removed, or equivalently, we consider a
subset {Bj, 4, ..., Bj,a} of the B-splines. When removing rows we have to be a bit more
careful. The convention is that if a row with derivatives of order r at z is included, then we
also include all the lower order derivatives at z. This is most easily formulated by letting
the sequence of interpolation points only contain ¢ points as in the following theorem.

Theorem 10.7. Let Sq . be a spline space and let {Bj, 4,...,Bj, 4} be a subsequence of
its B-splines. Let 21 < --- < x4 be a sequence of interpolation points with x; < x;1.441 for
i=1,...,0—d—1. Then the ¢ x { matrix A(j) with entries given by

aiq = D Bj, a(x:)
fori=1,...,¢and q=1, ..., { is nonsingular if and only if

Tj; <z < Tji4+d+1) fori=1,...,¢, (107)

where equality is allowed in the first inequality if D*e (")thd(xi) # 0.
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Proof. The proof follows along the same lines as the proof of Theorem 10.6. The most
challenging part is the proof that condition (10.7) is necessary so we focus on this. Suppose
that (10.7) holds, but A(j) is singular. Then we can find a nonzero vector ¢ such that
A(j)e=0. Let f = Zle ¢;Bj, 4 denote the spline with ¢ as its B-spline coefficients, and
let G denote the set
G = Uiy {(7): Tjrar) | & # 0}

To carry through the argument of Theorem 10.6 we need to verify that in the exceptional
case where z; = 7, then ¢; = 0.

Set = Az(7) and suppose that the knot 7;, occurs m times in 7 and that 7;, = z; so
D" Bj, a(x;) # 0. In other words

Tu <T@ = Tutl = = Tptm < Tutm+1

for some integer u, and in addition j; = u 4+ k for some integer k with 1 < k < m. Note
that f satisfies
f(zi) =Df(x;) =+ =D"f(z:) = 0.
(Remember that if a derivative is discontinuous at x; we take limits from the right.) Recall
from Lemma 2.6 that all B-splines have continuous derivatives up to order d — m at x;.
Since D" Bj, clearly is discontinuous at x;, it must be true that r > d—m. We therefore have
f(z;) = Df(x;) =+ = D™ f(z;) = 0 and hence ¢, m—q = - = ¢, = 0 by Lemma 10.2.
The remaining interpolation conditions at x; are D*"*! f(z;) = D™ 2f(z;) = --- =
D" f(x;) = 0. Let us consider each of these in turn. By the continuity properties of
B-splines we have D*"™*1B, . (z;) # 0 and D"™*'B,,, = 0 for v > 1. This means
that
0= Dd—m—O—lf(xi) — Cu+lDd_m+lBu+1($i)

and ¢, 1 = 0. Similarly, we also have
0= Dd_m”f(%‘) = C#+2Dd_m+23u+2(xi>a

and hence ¢, 2 = 0 since Dd_m+2BM+2(ﬂfi) = (0. Continuing this process we find
0=D"f(x:) = cpsrym—aD" Buyrim—a(xi),

SO Cpirim—q = 0 since D"BHJFHm,d(:L’i) # 0. This argument also shows that j; cannot be
chosen independently of r; we must have j; = u+r +m — d.

For the rest of the proof it is sufficient to consider the case where G is an open interval,
just as in the proof of Theorem 10.6. Having established that ¢; = 0 if z; = 7;,, we know
that if ¢; # 0 then z; € G. The number of zeros of f in G (counting multiplicities) is
therefore greater than or equal to the number of nonzero coefficients. But this is impossible
according to Theorem 10.5. &

10.3 Total positivity

In this section we are going to deduce another interesting property of the knot insertion
matrix and the B-spline collocation matrix, namely that they are totally positive. We
follow the same strategy as before and establish this first for the knot insertion matrix and
then obtain the total positivity of the collocation matrix by recognising it as a submatrix
of a knot insertion matrix.
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Definition 10.8. A matrix A in R™" is said to be totally positive if all its square

submatrices have nonnegative determinant. More formally, let © = (i1,12,...,1¢) and
Jj = (J1,J2,-.-,J¢) be two integer sequences such that
1<y << <p<m, (10.8)
1§i1<i2<‘~'<i5§n, (109)

and let A(i,7) denote the submatrix of A with entries (aip,jq)f; _y. Then A is totally
positive if det A(%,7) > 0 for all sequences © and j on the form (10.8) and (10.9), for all £
with 1 < ¢ < min{m,n}.

We first show that knot insertion matrices are totally positive.

Theorem 10.9. Let 7 and t be two knot vectors with 7 C t. Then the knot insertion
matrix from Sq  to Sy Is totally positive.

Proof. Suppose that there are k£ more knots in ¢ than in 7; our proof is by induction
on k. We first note that if K = 0, then A = I, the identity matrix, while if £ = 1, then
A is a bi-diagonal matrix with one more rows than columns. Let us denote the entries
of A by (a](z))?;r:lln (if £ = 0 the range of ¢ is 1, ..., n). In either case all the entries
are nonnegative and «;(i) = 0 for j < i —1 and j > i. Consider now the determinant of
A(i,3). If jo > ig then j, > i, forg=1, ..., f—1s0 a;,(iq) = 0 for ¢ < £. This means that
only the last entry of the last column of A(%,j) is nonzero. The other possibility is that
Je < ig—1so that j, <i,—1for ¢ < £. Then aj,(ig) = 0 for ¢ < £ so only the last entry of
the last row of A(%,7) is nonzero. Expanding the determinant either by the last column or
last row we therefore have det A(¢,7) = «,(ig) det A(¢', ') where 3’ = (i1,...,i—1) and
3’ = (j1,...,70-1). Continuing this process we find that

det A(3,5) = aj, (i1)a, (i2) - - - aj, (ir)

which clearly is nonnegative.
For k > 2, we make use of the factorization

A=A, A = A.B, (10.10)

where each A, corresponds to insertion of one knot and B = Aj_;---A; is the knot
insertion matrix for inserting k& — 1 of the knots. By the induction hypothesis we know
that both A, and B are totally positive; we must show that A is totally positive. Let
(a;) and (b;) denote the rows of A and B, and let («; (2))73:1_1 denote the entries of Ay.
From (10.10) we have ’

a; = ai_l(i)bi_l + al(z)bz fori=1,...,m,

where ap(1l) = a;u(m) = 0. Let a;(5) and b;(j) denote the vectors obtained by keeping
only entries ( jq)é:l of a; and b; respectively. Row ¢ of A(,7) of A is then given by

a;,(j) = ai,—1(iq)bi,—1(3) + i, (ig)bi, (7).
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Using the linearity of the determinant in row g we therefore have

a;, (J) a;, (7)
det aiq‘(j) = det Oéiqfl(iq)biq—l(j')+C¥iq(iq)biq(j)

ai, () ai ()
a;, (J) ai, (3)

= aij,—1(ig) det | b, —1(3) | + i, (iq) det | b;, (5)

a;, (.7) a;, (.7)
By expanding the other rows similarly we find that det A(¢,7) can be written as a sum
of determinants of submatrices of B, multiplied by products of «;(i)’s. By the induction

hypothesis all these quantities are nonnegative, so the determinant of A(z,7) must also
be nonnegative. Hence A is totally positive. B

Knowing that the knot insertion matrix is totally positive, we can prove a similar
property of the B-spline collocation matrix, even in the case where multiple collocation
points are allowed.

Theorem 10.10. Let Sy, be a spline space and let {Bj, 4,...,Bj, 4} be a subsequence

of its B-splines. Let x1 < --- < x4 be a sequence of interpolation points with x; < x;1441
fori =1, ..., ¢ —d—1, and denote by A(j) the { x { matrix with entries given by

Qjq = D)‘m(i)Bjmd(mi)
fori=1,...,¢andq=1, ..., . Then
det A(3) > 0.

Proof. We first prove the claim in the case r1 < x2 < .-+ < xy. By inserting knots
of multiplicity d + 1 at each of (z;)/_, we obtain a knot vector ¢ that contains T as a
subsequence. If t; 1 < t; = tj1q < tiyqy1 we know from Lemma 2.6 that B; g, (t;) =
a;q(7). This means that the matrix A(j) appears as a submatrix of the knot insertion
matrix from 7 to ¢. It therefore follows from Theorem 10.9 that det A(j) > 0 in this case.

To prove the theorem in the general case we consider a set of distinct collocation points
y1 < --- < gy and let A(j,y) denote the corresponding collocation matrix. Set \' = A\ (4)
and let p; denote the linear functional given by

pif =N yioxis- -5yl f (10.11)

fori=1, ..., ¢. Here [-,...,-]f is the divided difference of f. By standard properties of
divided differences we have

i
piBja= > 7isBjalys)

s=i—\!
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and 7;; > 0. Denoting by D the matrix with (4, j)-entry p;B;q, we find by properties of
determinants and (10.11) that

det D =11y edet A(j,y).

If we now let y tend to  we know from properties of the divided difference functional
that p;B; tends to D' B; in the limit. Hence D tends to A(j) so det A(j) > 0. N
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APPENDIX A

Some Linear Algebra

A.1 Matrices

The collection of m,n matrices

a1, .- 01n
A=

am,1s -+ >0mmn

with real elements a;; is denoted by R™". If n = 1 then A is called a column vector.
Similarly, if m = 1 then A is a row vector. We let R™ denote the collection of all column
or row vectors with m real components.

A.1.1 Nonsingular matrices, and inverses.

Definition A.1. A collection of vectors a1, . .. ,a, € R™ islinearly independent if z1a1 +
-+« + xpa, = 0 for some real numbers x1,...,x,, implies that r1 = --- = x, = 0.

Suppose ag, ..., a, are the columns of a matrix A € R™". For a vector = (z1,...,
)T € R™ we have Ax = Z;‘:l zja;. It follows that the collection aq,...,a, is linearly
independent if and only if Az = 0 implies = 0.

Definition A.2. A square matrix A such that Ax = 0 implies * = 0 is said to be
nonsingular.

Definition A.3. A square matrix A € R™" is said to be invertible if for some B € R™"
BA=AB=1,

where I € R™"™ is the identity matrix.

An invertible matrix A has a unique inverse B = A~!. If A, B, and C are square
matrices, and A = BC, then A is invertible if and only if both B and C' are also invertible.
Moreover, the inverse of A is the product of the inverses of B and C' in reverse order,

Al=cCc'B L.

211
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A.1.2 Determinants.

The determinant of a square matrix A will be denoted det(A) or

ail, .- ,01n

an,1, --- ,0nn

Recall that the determinant of a 2 x 2 matrix is

a1l aip

=a1,1022 — G1,2021.
a1 622

A.1.3 Criteria for nonsingularity and singularity.

We state without proof the following criteria for nonsingularity.

Theorem A.4. The following is equivalent for a square matrix A € R™™.

1.

NS T A W

A is nonsingular.

A is invertible.

Ax = b has a unique solution = A~'b for any b € R™.
A has linearly independent columns.

AT is nonsingular.

A has linearly independent rows.

det(A) # 0.

We also have a number of criteria for a matrix to be singular.

Theorem A.5. The following is equivalent for a square matrix A € R™",

1.

NS s A W N

There is a nonzero x € R™ so that Ax = 0.

A has no inverse.

Ax = b has either no solution or an infinite number of solutions.
A has linearly dependent columns.

There is a nonzero x so that x7 A = 0.

A has linearly dependent rows.

det(A) = 0.

Corollary A.6. A matrix with more columns than rows has linearly dependent columns.

Proof. Suppose A € R"™" with n > m. By adding n — m rows of zeros to A we obtain a
square matrix B € R™". This matrix has linearly dependent rows. By Theorem A.4 the
matrix B has linearly dependent columns. But then the columns of A are also linearly
dependent. =
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A.2 Vector Norms

Formally, a vector norm || || = ||z||, is a function || || : R™ — [0,00) that satisfies for
z,y, € R", and o € R the following properties

1. |lz|]=0 implies «=0.
2. [laz|| = [of||z|- (A1)
3. |l +yll <[lzll +[lyl].

Property 3 is known as the Triangle Inequality. For us the most useful class of norms are
the p or /P norms. They are defined for p > 1 and @ = (x1,22,...,2,)" € R by

2]l = (|21]P + |z2[P + - - + |2a[P) /.
(A.2)
|&|loc = max; [;].
Since
2]l < [|2[[, < n'/Pl2|loo,  p>1 (A.3)
and lim,_o, n'/? = 1 for any n € N we see that lim,_ ||2||, = ||%]]co-
The 1,2, and oo norms are the most important. We have
|32 =224 - + 22 =aTa. (A.4)
Lemma A.7 (The Hélder inequality). We have for 1 <p < oo and ¢,y € R
= 11
> lziyil < ll@llpllylly,  where s T (A.5)

=1

Proof. We base the proof on properties of the exponential function. Recall that the
exponential function is convex, i.e. with f(z) = e® we have the inequality

fAz+ (1= Ny) <Af(z)+ (1= f(y) (A.6)

for every A € [0,1] and z,y € R.

If £ = 0 or y = 0, there is nothing to prove. Suppose x,y # 0. Define u = x/||z||,
and v = y/||y|lq- Then ||ul|, = ||v|| = 1. If we can prove that ), |u;v;| < 1, we are done
because then 3, aigil = K&yl ylly 3, [uivi] < l[@lpllylle- Since fusvi] = fulfei, we can
assume that u; > 0 and v; > 0. Moreover, we can assume that u; > 0 and v; > 0 because
a zero term contributes no more to the left hand side than to the right hand side of (A.5).
Let s;, t; be such that u; = e%/P, v; = e'i/?. Taking flx) =€ A=1/p, 1 — X = 1/q,
x=s;and y =t; in (A.6) we find

6$¢/p+ti/q < 1682‘ + leti‘
p q
But then
wiprtife o 1l I Igm g 1,1
Z]uivi]:Zel : ngel—F—Ze’:qui—i-—Zvi:——l——:l.
- - P4 q 4 P4 q 4 P g

This completes the proof of (A.5). B
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When p = 2 then ¢ = 2 and the Holder inequality is associated with the names
Buniakowski-Cauchy-Schwarz.

Lemma A.8 (The Minkowski inequality). We have for 1 <p < oo and ¢,y € R

|z +yllp < llzllp + [[yllp (A7)

Proof. Let w = (u1,...,uy,) with u; = |z; +v;|P~!. Since q¢(p—1) = p and p/q = p—1, we
find

lullg = QO lwi + yil ")V = O i+ i)V = ||z + y[[5/? = ||+ yllp "

7 7

Using this and the Holder inequality we obtain

e +ylls =D lei +ul? <3 luallzal + Y uillyil < (lelly + yllp)llullq
< (el + llyllp) 2 + 5"

Dividing by ||z + y|[5" proves Minkowski. &

Using the Minkowski inequality it follows that the p norms satisfies the axioms for a
vector norm.
In (A.3) we established the inequality

[llso < [lelly < n'?[lelleo,  p>1.

More generally, we say that two vector norms || || and || ||" are equivalent if there exists
positive constants g and M such that

pllzll < faf|" < M||z]] (A.8)

for all x € R".

Theorem A.9. All vector norms on R™ are equivalent.

Proof. Tt is enough to show that a vector norm || || is equivalent to the I norm, || ||co-
Let x € R™ and let €;,7 = 1,...,n be the unit vectors in R". Writing ® = z1e1+---+x,e,
we have

el <D lzillledl] < llellooM, M= |leill.
7 %

To find p > 0 such that ||z|| > p||z||« for all & € R™ is less elementary. Consider the
function f given by f(x) = ||x|| defined on the lo, “unit ball”

S={xeR":||z|l =1}
S is a closed and bounded set. From the inverse triangle inequality

el =yl < llz—yll, 2yeR"
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it follows that f is continuous on S. But then f attains its maximum and minimum on S,
i.e. there is a point «* € .S such that

[|2"(| = min [|a]].
xzes
Moreover, since x* is nonzero we have p := ||z*|| > 0. If & € R" is nonzero then
x=x/||x|| € S. Thus
T 1
p < |lzf| = 1| = |||
lzlloo ™ [®lloe ™

and this establishes the lower inequality. B

It can be shown that for the p norms we have for any ¢ with 1 < ¢ <p < o0

lelly < llzllg < n/TVP||2]l,, @€ R (A.9)

A.3 Vector spaces of functions

In R™ we have the operations « + y and ax of vector addition and multiplication by
a scalar ¢ € R. Such operations can also be defined for functions. As an example, if
f(x) =z, g(x) =1, and a,b are real numbers then af(z) + bg(x) = ax + b. In general, if
f and g are two functions defined on the same set I and a € R, then the sum f + g and
the product af are functions defined on I by

(f+9)(z) = f(z) + g(x),
(af(z) = af(z).

Two functions f and g defined on I are equal if f(z) = g(z) for all x € I. We say that f
is the zero function, i.e. f =0, if f(z) =0 for all z € I.

Definition A.10. Suppose S is a collection of real valued or vector valued functions, all
defined on the same set I. The collection S is called a vector space if af + bg € S for all
f,g€ S and all a,b € R. A subset T of S is called a subspace of S if T itself is a vector
space.

Example A.11. Vector spaces

e All polynomials 74 of degree at most d.

e All polynomials of all degrees.

e All trigonometric polynomials ag + Zzzl(ak cos kx + by sin kx of degree at most d.
e The set C(I) of all continuous real valued functions defined on I.

e The set C"(I) of all real valued functions defined on I with continuous j'th derivative for j =
0,1,...,r.
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Definition A.12. A vector space S is said to be finite dimesional if

S =span(¢1,...,¢n) = {Z cjoj:cj € RY,

j=1

for a finite number of functions ¢+, ..., ¢, in S. The functions ¢1, ..., ¢, are said to span
or generate S.

Of the examples above the space my = span(1,z,z2,...2%) generated by the mono-
mials 1, z,22,...2% is finite dimensional. Also the trigonometric polynomials are finite
dimensional. The space of all polynomials of all degrees is not finite dimensional. To
see this we observe that any finite set cannot generate the monomial %! where d is the
maximal degree of the elements in the spanning set. Finally we observe that C'(I) and
C"(I) contain the space of polynomials of all degrees as a subspace. Hence they are not
finite dimensional,

If f €5 =span(¢n,....¢,) then f = 370, ¢c;¢; for some ¢ = (c1,...,cn). With
¢ = (¢1,...,0n)T we will often use the vector notation

flz) = ¢(2)"e (A.10)
for f.

A.3.1 Linear independence and bases
All vector spaces in this section will be finite dimensional.
Definition A.13. A set of functions ¢ = (¢1,...,¢,)" in a vector space S is said to be
linearly independent on a subset J of I if ¢(z)Tc = c1¢1(x) + -+ + cpgn(x) = 0 for all
x € J implies that ¢ = 0. If J = I then we simply say that ¢ is linearly independent.

If ¢ is linearly independent then the representation in (A.10) is unique. For if f =
¢l'c = ¢Tb for some ¢,b € R” then f = ¢? (c — b) = 0. Since ¢ is linearly independent
we have c—b=0,0r c=0b.

Definition A.14. A set of functions ¢* = (¢1,...,¢y) in a vector space S is a basis for
S if the following two conditions hold

1. ¢ is linearly independent.

2. S = span(¢).

Theorem A.15. The monomials 1,z,z2,...xz% are linearly independent on any set J C R

containing at least d+ 1 distinct points. In particular these functions form as basis for 7.

Proof. Let xo, ..., x4 be d+1 distinct points in J, and let p(z) = co+c1x+---+cqr? =0
for all x € J. Then p(z;) = 0, for ¢ = 0,1,...,d. Since a nonzero polynomial of degree
d can have at most d zeros we conclude that p must be the zero polynomial. But then
cr, = p®(0)/k! =0 for k=0,1,...,d. Tt follows that the monomial is a basis for 7y since
they span w4 by definition. &

To prove some basic results about bases in a vector space of functions it is convenient
to introduce a matrix transforming one basis into another.
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Lemma A.16. Suppose S and T are finite dimensional vector spaces with S C T, and
let ¢ = (¢1,...,6n)" be a basis for S and ¥ = (11, ...,1m)" a basis for T. Then

¢ =ATyp, (A.11)
for some matrix A € R™". If f = ¢’ e € S is given then f = b with
b= Ac (A.12)
Moreover A has linearly independent columns.

Proof. Since ¢; € T there are real numbers a; ; such that
m
¢j:Zai7j¢i, fOl" jzl,...,n,
i=1

This equation is simply the component version of (A.11). If f € Sthen f € Tand f = 4'b
for some b. By (A.11) we have ¢* = 9T A and f = ¢'c = T Ac or pTb = T Ac. Since
1) is linearly independent we get (A.12). Finally, to show that A has linearly independent
columns suppose Ac = 0. Define f € S by f = ¢’ c. By (A.11) we have f = YT Ac = 0.
But then f = ¢’ ¢ = 0. Since ¢ is linearly independent we conclude that ¢ =0. &

The matrix A in Lemma A.16 is called a change of basis matriz.
A basis for a vector space generated by n functions can have at most n elements.

Lemma A.17. If 1 = (¢1...,9)7 is a linearly independent set in a vector space S =
span(¢1, ..., ¢n), then k < n.

Proof. With ¢ = (¢1,...,¢,)T we have
W =AT¢, forsome AeR™F

If K > n then A is a rectangular matrix with more columns than rows. From Corollary A.6
we know that the columns of such a matrix must be linearly dependent; L.e. there is some
nonzero ¢ € R¥ such that Aec = 0. But then ¢” ¢ = ¢7 Ac = 0, for some nonzero ¢. This
implies that 1) is linearly dependent, a contradiction. We conclude that £ <n. =

Lemma A.18. Every basis for a vector space must have the same number of elements.

Proof. Suppose ¢ = (¢1,...,¢,)" and p = (¢1,...,9%m)" are two bases for the vector
space. We need to show that m = n. Now

¢ = ATy, forsome AeR™"

¢ =BT¢, forsome B eR™™.

By Lemma A.16 we know that both A and B have linearly independent columns. But
then by Corollary A.6 we see that m =n. 1

Definition A.19. The number of elements in a basis in a vector space S is called the
dimension of S, and is denoted by dim(S).
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The following lemma shows that every set of linearly independent functions in a vector
space S can be extended to a basis for S. In particular every finite dimensional vector
space has a basis.

Lemma A.20. A set ¢ = (¢1,...,¢) of linearly independent elements in a finite di-
mensional vector space S, can be extended to a basis ¥’ = (Y1,...,0y) for S.

Proof. Let Sy = span(¢1,...,¢y) where ¢; = ¢; for j =1,..., k. If S =S then we set
m = k and stop. Otherwise there must be an element ;1 € S such that y,... ¥ are
linearly independent. We define a new vector space Sk11 by Skyr1 = span(vn,...,Yk11).
If S41 = S then we set m = k + 1 and stop the process. Otherwise we continue to gen-
erate vector spaces Siy2, Sk+3,- - -. Since S is finitely generated we must by Lemma A.17
eventually find some m such that S,, = 5. 1

The following simple, but useful lemma, shows that a spanning set must be a basis if
it contains the correct number of elements.

Lemma A.21. Suppose S = span(¢). If ¢ contains dim(S) elements then ¢ is a basis
for S.

Proof. Let n = dim(S) and suppose ¢ = (¢1,...,¢n) is a linearly dependent set. Then
there is one element, say ¢,, which can be written as a linear combination of ¢1,..., ¢n_1.
But then S = span(¢1, ..., ¢,—1) and dim(S) < n by Lemma A.17, a contradiction to the
assumption that ¢ is linearly dependent. §

A.4 Normed Vector Spaces

Suppose S is a vector space of functions. A norm || || = || f], is a function || || : § — [0, c0)
that satisfies for f,g, € S, and a € R the following properties

1. ||f]|=0 implies f=0.
2. lafll = ledllf1]- (A.13)
3. If +gll < IIf1] +lgll

Property 3 is known as the Triangle Inequality. The pair (S, || ||) is called a normed vector
space (of functions).

In the rest of this section we assume that the functions in .S are continuous, or at least
piecewise continuous on some interval [a, b].

Analogous to the p or ¢ norms for vectors in R™ we have the p or LP norms for
functions. They are defined for 1 <p < oo and f € S by

1/
1l = llear = (Jo1F@Pdz) ™, =1, (A.14)

flloe = [fllL[ap) = maXa<a<s |f(2)].

The 1,2, and oo norms are the most important.
We have for 1 < p < oo and f, g € S the Holder inequality

b 1 1
/If(w)g(w)dwé||f||p|\g||q, where 2;+§=1, (A.15)
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and the Minkowski inequality

1F+gllp < [1£1lp + llgllp- (A.16)

For p = 2 (A.15) is known as the Schwarz inequality, the Cauchy-Schwarz inequality, or
the Buniakowski-Cauchy- Schwarz inequality.



